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Elektronspin és rácsrezgések 
erős csatolása mechanikai rezonátorban

H = !"r!a†a + 1
2
" + !#

2
$z + !g#a†$! + $+a$ + H% + H&.

#1$

Here H% describes the coupling of the cavity to the con-

tinuum which produces the cavity decay rate %="r /Q, while
H& describes the coupling of the atom to modes other than

the cavity mode which cause the excited state to decay at rate

& (and possibly also produce additional dephasing effects).
An additional important parameter in the atomic case is the

transit time ttransit of the atom through the cavity.

In the absence of damping, exact diagonalization of the

Jaynes-Cumming Hamiltonian yields the excited eigenstates

(dressed states) [15]

%+ ,n& = cos 'n%! ,n& + sin 'n%" ,n + 1& , #2$

%! ,n& = ! sin 'n%! ,n& + cos 'n%" ,n + 1& , #3$

and ground state %" ,0& with corresponding eigenenergies

E ±,n = #n + 1$!"r ±
!

2
'4g2#n + 1$ + (2, #4$

E",0 = !
!(

2
. #5$

In these expressions,

'n =
1

2
tan!1!2g'n + 1

(
" , #6$

and ((#!"r the atom-cavity detuning.
Figure 1(b) shows the spectrum of these dressed states for

the case of zero detuning, (=0, between the atom and cavity.
In this situation, degeneracy of the pair of states with n+1

quanta is lifted by 2g'n+1 due to the atom-photon interac-
tion. In the manifold with a single excitation, Eqs. (2) and (3)
reduce to the maximally entangled atom-field states %± ,0&
= #%" ,1&± %! ,0&$ /'2. An initial state with an excited atom and
zero photons %" ,0& will therefore flop into a photon %! ,1& and
back again at the vacuum Rabi frequency g /). Since the
excitation is half atom and half photon, the decay rate of

%± ,0& is #%+&$ /2. The pair of states %± ,0& will be resolved in
a transmission experiment if the splitting 2g is larger than

this linewidth. The value of g=Ermsd /! is determined by the
transition dipole moment d and the rms zero-point electric

field of the cavity mode. Strong coupling is achieved when

g*% ,& [15].

FIG. 1. (Color online) (a) Standard representation of a cavity
quantum electrodynamic system, comprising a single mode of the

electromagnetic field in a cavity with decay rate % coupled with a
coupling strength g=Ermsd /! to a two-level system with spontane-

ous decay rate & and cavity transit time ttransit. (b) Energy spectrum
of the uncoupled (left and right) and dressed (center) atom-photon
states in the case of zero detuning. The degeneracy of the two-

dimensional manifolds of states with n!1 quanta is lifted by

2g'n+1. (c) Energy spectrum in the dispersive regime (long-
dashed lines). To second order in g, the level separation is indepen-
dent of n, but depends on the state of the atom.

TABLE I. Key rates and CQED parameters for optical [2] and microwave [3] atomic systems using 3D cavities, compared against the
proposed approach using superconducting circuits, showing the possibility for attaining the strong cavity QED limit #nRabi*1$. For the 1D
superconducting system, a full-wave #L=+$ resonator, "r /2)=10 GHz, a relatively low Q of 104, and coupling ,=Cg /C-=0.1 are assumed.

For the 3D microwave case, the number of Rabi flops is limited by the transit time. For the 1D circuit case, the intrinsic Cooper-pair box

decay rate is unknown; a conservative value equal to the current experimental upper bound &.1/ #2 /s$ is assumed.

Parameter Symbol 3D optical 3D microwave 1D circuit

Resonance or transition frequency "r /2), # /2) 350 THz 51 GHz 10 GHz

Vacuum Rabi frequency g /), g /"r 220 MHz, 3010!7 47 kHz, 1010!7 100 MHz, 5010!3

Transition dipole d /ea0 )1 10103 20104

Cavity lifetime 1/% ,Q 10 ns, 30107 1 ms, 30108 160 ns, 104

Atom lifetime 1/& 61 ns 30 ms 2 /s

Atom transit time ttransit 150 /s 100 /s 2

Critical atom number N0=2&% /g2 6010!3 3010!6 .6010!5

Critical photon number m0=&2 /2g2 3010!4 3010!8 .1010!6

Number of vacuum Rabi flops nRabi=2g / #%+&$ )10 )5 )102
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We theoretically investigate the coupling of electron spin to vibrational motion due to curvature-
induced spin-orbit coupling in suspended carbon nanotube quantum dots. Our estimates indicate
that, with current capabilities, a quantum dot with an odd number of electrons can serve as a realiza-
tion of the Jaynes-Cummings model of quantum electrodynamics in the strong-coupling regime. A
quantized flexural mode of the suspended tube plays the role of the optical mode and we identify two
distinct two-level subspaces, at small and large magnetic field, which can be used as qubits in this
setup. The strong intrinsic spin-mechanical coupling allows for detection, as well as manipulation
of the spin qubit, and may yield enhanced performance of nanotubes in sensing applications.

Recent experiments in nanomechanics have reached
the ultimate quantum limit by cooling a nanomechani-
cal system close to its ground state[1]. Among the vari-
ety of available nanomechanical systems, nanostructures
made out of atomically-thin carbon-based materials such
as graphene and carbon nanotubes (CNTs) stand out due
to their low masses and high sti!nesses. These properties
give rise to high oscillation frequencies, potentially en-
abling near ground-state cooling using conventional cryo-
genics, and large zero-point motion, which improves the
ease of detection[2, 3].

Recently, a high quality-factor suspended CNT res-
onator was used to demonstrate strong coupling be-
tween nanomechanical motion and single-charge tunnel-
ing through a quantum dot (QD) defined in the CNT[4].
Here, we theoretically investigate the coupling of a single
electron spin to the quantized motion of a discrete flexu-
ral mode of a suspended CNT (see Fig.1), and show that
the strong-coupling regime of this Jaynes-Cummings-
type system is within reach. This coupling provides
means for electrical manipulation of the electron spin
via microwave irradiation, and leads to strong nonlinear-
ities in the CNT’s mechanical response which may po-
tentially be used for enhanced functionality in sensing
applications[5–7].

In addition to their outstanding mechanical proper-
ties, carbon-based systems also possess many attrac-
tive characteristics for information processing applica-
tions. The potential for single electron spins in QDs to
serve as the elementary qubits for quantum information
processing[8] is currently being investigated in a variety
of systems. In many materials, such as GaAs, the hyper-
fine interaction between electron and nuclear spins is the
primary source of electron spin decoherence which lim-
its qubit performance (see e.g., [9]). However, carbon-
based structures can be grown using starting materials
isotopically-enriched in 12C, which has no net nuclear
spin, thus practically eliminating the hyperfine mecha-
nism of decoherence[10], leaving behind only a spin-orbit

nanotube

u(z)

x
z

electron

support

gate

FIG. 1: Schematic of a suspended carbon nanotube (CNT)
containing a quantum dot filled with a single electron spin.
The spin-orbit coupling in the CNT induces a strong coupling
between the spin and the quantized mechanical motion u(z)
of the CNT.

contribution[11, 12]. Furthermore, while the phonon con-
tinuum in bulk materials provides the primary bath en-
abling spin relaxation, the discretized phonon spectrum
of a suspended CNT can be engineered to have an ex-
tremely low density of states at the qubit (spin) energy
splitting. Thus very long spin lifetimes are expected o!-
resonance. On the other hand, when the spin splitting is
nearly resonant with one of the high-Q discrete phonon
“cavity” modes, strong spin-phonon coupling can enable
qubit control, information transfer, or the preparation of
“Schrödinger cat”-like entangled states.
The interaction between nanomechanical resonators

and single spins was recently detected[13], and has been
theoretically investigated[14, 15] for cases where the spin-
resonator coupling arises from the relative motion of the
spin and a source of local magnetic field gradients. Such
coupling is achieved, e.g., using a magnetic tip on a vi-
brating cantilever which can be positioned close to an
isolated spin fixed to a non-moving substrate. Creating
strong, well-controlled, local gradients remains challeng-
ing for such setups. In contrast, as we now describe, in
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- spin-fonon csatolás

- árammérés felfüggesztett szén nanocsövön:
kvantumdot-viselkedés, elektron-fonon-kölcsönhatás, Qmax~100.000

- motiváció: 
(1) kvantált bozon tér + qubit: kvantumszámítás alapelemei
(2) qubit: mechanikai rezonátor kvantumállapotának mérése, vezérlése

- spin-fonon csatolás 2: elektron a rezonátoron -- spin-pálya kölcsönhatás?
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Figure 1 | Electromechanical quantum transducer. a, Magnetic interactions between a mechanical resonator and an electronic spin qubit lead to
spin-dependent displacements of the resonator tip and convert the magnetic dipole of the spin into an electric dipole proportional to the charge on the
resonator. b, For two resonators the difference in the electrostatic energies associated with different spin configurations then results in effective spin–spin
interaction. c, Schematic view of a spin register based on an electromechanical quantum bus. Here resonators are coupled indirectly through capacitive
interactions with nearby wires to enable coupling of spins separated by d! 100 µm and to design spin–spin interactions by different circuit layouts.
d, Circuit model that describes the coupling between two resonators.

coupled resonator array is

Hph =
!

i

h̄!rai†ai +
h̄
2

!

i,j

gij(ai +ai†)(aj +aj †)=
!

n

h̄!nan†an

where !n and an = "
i cn,iai denote frequencies and mode

operators of collective phonon eigenmodes and we have absorbed a
renormalization of the bare oscillation frequency into the definition
of !r. To estimate the typical coupling strength we consider
two sites separated by a distance d and connected by a wire of
self-capacitance Cw " "0d , where "0 is the vacuum permittivity.
Then, as shown in Fig. 1d,Wel =#(U 2/2)(C#Cw/C# +Cw), where
C# =C1(z1)+C2(z2) and U is the applied voltage. Assuming
Ci(zi) $ C(1 # zi/h), where h is the mean electrode spacing,
we obtain for g % g12

h̄g = C2Cw
2U 2

(2C+Cw)3
a02

h2

For two resonators separated by d = 100 µm and with dimen-
sions given above, h" 100 nm and a typical electrode capacitance
C " 0.1 fF, we obtain g/(2!) " 25 kHz for U = 1V. Voltages
up to U " 10V (ref. 23) can lead to phonon–phonon interac-
tions as large as 1MHz.

After combiningmagnetic and electric interactionswe obtain the
full spin-register HamiltonianH ="

iHs
i+"

iHsr
i+Hph, which by

setting $n,i = $cn,i is

H =Hs(t )+
!

n

!nan†an + 1
2

!

i,n

$i,n(an† +an)%z
i (1)

This model of spins coupled to a set of collective phonon modes
is familiar from quantum-computing proposals with trapped
ions1,34–38, and in principle similar gate schemes as developed
in this field can be applied for spin-entangling operations here.

However, the physical realization is quite different, and in particular
decoherence processes in the form of mechanical dissipation and
electric-field noise must be addressed. In the following we therefore
describe the implementation of gate operations based on off-
resonant spin–phonon interactions34–38 that are consistent with
spin-echo techniques to eliminate low-frequency noise and avoid
ground-state cooling requirements. Alternatively, gate operations
based on a resonant exchange of phonons1 could be implemented
using techniques described in ref. 28.

Spin–spin interactions
For the following discussion it is convenient to change to a
displaced oscillator basis that is related to the uncoupled basis by
a polaron transformation U = e#iS, where S = (1/2)

"
i Pi%z

i and
Pi = i

"
n$n,i/!n(an† #an) are collective momentum operators. In

this new representation and for &i = 0 the resulting spin-register
Hamiltonian,H &UHU †, is36,39

H =
!

i

h̄'i(t )
2

#
%+

ie#iPi +%#
ieiPi

$
# h̄

!

i'=j

Mij%z
i%z

j +Hph (2)

Let us for the moment assume that 'i(t ) = 0 where equation (2)
reduces to an ‘always on’ Ising interaction with coupling strength
Mij =

"
n$n,i$n,j/(4!n), which is mediated by but independent of

phonon modes. The origin of this interaction can be understood
from spin-dependent displacements of the resonators’ equilibrium
positions as described in Fig. 2a. The evolution under Hamilto-
nian (2) then results in a spin-entangling operation

Ug(tg)= ei(
"

i,j Mij%z
i%z

j )tg (3)

For N = 2 an initially separable spin-superposition state, for
example, |((0 = %

i=1,2(|0i( + |1i()/
)
2 evolves into an entangled

state |(((tg) = (|00( + |11( + i|01( + i|10()/2 on a timescale
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Fig. 1.Ahigh-Qnano-
tube mechanical reso-
natorwithanembedded
quantum dot. (A) De-
vice layout.Asuspended
carbon nanotube is
excited into mechan-
ical motion by apply-
ing an ac voltage to a
nearby antenna. A dc
current through the
nanotube detects the
motion. VRF, radio fre-
quency voltage; CNT,
carbon nanotube. (B)
Scanning electronmi-
croscopy image of a
typical device. The ar-
row indicates the posi-
tion of a nanotube. (C)
A quantumdot, formed
between Schottky bar-
riers at themetal con-
tacts, displays fourfold shell filling of holes. (D) (Inset) The mechanical resonance induces a corresponding resonance in the dc current which can have a narrow
linewidth with Q up to 150,000. (Main plot) The resonance frequency can be tuned using a tensioning force from the dc voltage on the gate.
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Fig. 2. Single-electron tuning. (A) Nanotube cur-
rent versus gate voltage showing single-electron tun-
neling at the peaks and Coulomb blockade in the
valleys. This curve is taken from (B) at f= 138.8 MHz.
(B) Normalized resonance signalDI/DIpeak (see SOM)
versus RF frequency and gate voltage (Vsd = 1.5 mV).
The tuned mechanical resonance shows up as the
darker curve with dips at the Coulomb peaks. The
offsets between the dashed lines indicate the fre-
quency shift due to the addition of one electron to
the nanotube. The resonance frequency also shows
dips caused by a softening of the spring constant
because of single-electron charge fluctuations. N,
number of holes on the quantum dot. (Inset) The
expected resonance behavior (see text). (C) Zoom-in
view on one frequency dip for various source-drain
voltages (Vsd) showing dip broadening for increasing
Vsd. (Insets) Energy diagrams for small and largeVsd.
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A “völgy” szabadsági fok grafénben

on the honeycomb lattice couples only A sites with B
sites,1

E!A = " !
neighbors

!B, E!B = " !
neighbors

!A. "3#

In a more concise notation, Eq. "2# may be written as

vp · !! = E! , "4#

with p=!i#"! /!x ,! /!y# the momentum operator in the
x-y plane and != "$x ,$y ,$z# the vector of Pauli matrices
acting on the spinor != "%A ,%B#. "For later use, we de-
fine $0 as the 2&2 unit matrix.# The spin degree of free-
dom described by the Pauli matrices $i is called the
“pseudospin,” to distinguish it from the real electron
spin.

This two-dimensional Dirac equation describes states
with wave vector k in the valley centered at the corner
of the Brillouin zone with wave vector K= "4' /3a#x̂. The
valley at the opposite corner at !K produces an inde-
pendent set of states with amplitudes %A! "r#e!iK·r and
%B! "r#e!iK·r on the A and B sublattices. The two compo-
nents %A! and %B! satisfy the same Dirac equation "4#
with px!!px. The spinor %= "%A ,%B ,!%B! ,%A! # con-
taining both valleys, therefore, satisfies the four-
dimensional Dirac equation,2

$vp · ! 0
0 vp · !

%% = E% . "5#

This differential equation represents the low-energy and
long-wavelength limit of the difference equation "3# in
the tight-binding model of graphene.

For a compact notation, we make use of a second set
of Pauli matrices "= ""x ,"y ,"z#, with "0 the 2&2 unit ma-
trix, acting on the valley degree of freedom "while ! and
$0 act on the sublattice degree of freedom#. Equation "5#
may then be written as

H"A#% = E% , "6a#

H"A# = v&"p + eA# · !' ! "0 + U$0 ! "0, "6b#

where for generality we have also included external
electromagnetic fields "with scalar potential U and vec-
tor potential A#. Electromagnetic fields do not couple
the two valleys, provided that the fields vary smoothly
on the scale of the lattice constant.

To conclude, we comment on the quantum-relativistic
analog of Eq. "5#, referring the reader to Gusynin et al.
"2007# for a more extensive discussion. In three dimen-
sions, and with a change of sign for one of the two sub-
blocks vp ·!, Eq. "5# represents the Dirac "or Dirac-
Weyl# equation of massless neutrinos, with v the speed
of light. The valley degree of freedom corresponds to
the chirality of neutrinos, which have left-handed or
right-handed circular polarization "corresponding to the
opposite sign of the two subblocks#. In two dimensions,
the relative sign of the two subblocks can be changed by
a unitary transformation, so the distinction between left
or right handedness cannot be made. Electrons in
graphene are called “chiral” because their direction of
motion is tied to the direction of the pseudospin. Indeed,
the current operator

j = v! ! "0 "7#

is proportional to the pseudospin operator !, so that an
electron moving in the x or y direction has a pseudospin
pointing in the x or y direction. Because the pseudospin
is two-dimensional, there is no analog of circular polar-
ization, and therefore there is no left or right handed-
ness in graphene.

B. Time-reversal symmetry

The time reverse of the state %XeiK·r+%X! e!iK·r

on the X=A ,B sublattice is the complex conjugate
%X

* e!iK·r+%X
!*eiK·r. This implies that the time re-

verse of the spinor %= "%A ,%B ,!%B! ,%A! # is T%

= "%A
!* ,%B

!* ,!%B
* ,%A

* #. The time-reversal operator T,
therefore, has the form

1Next-nearest-neighbor hopping contributes second-order
spatial derivatives, which are of higher order in a(k and may
therefore be neglected in first approximation.

2The valley-isotropic representation "5# of the four- dimen-
sional Dirac equation "with two identical 2&2 subblocks# is
used to write boundary conditions in a compact form "see Sec.
II.C#. Other representations "with two unequal subblocks# are
common in the literature as well, and one should be aware of
this when comparing formulas from different papers.

FIG. 4. Honeycomb lattice of a carbon monolayer. The unit
cell contains two atoms, labeled A and B, each of which gen-
erates a triangular sublattice "open and closed circles#. The
lattice constant a is (3 times larger than the carbon-carbon
separation of 0.142 nm. The reciprocal-lattice vector K has
length 4' /3a. The edge of the lattice may have the armchair
configuration "containing an equal number of atoms from each
sublattice#, or the zigzag configuration "containing atoms from
one sublattice only#. Dashed circles and bonds indicate missing
atoms and dangling bonds, respectively. The separation W of
opposite edges is measured from one row of missing atoms to
the opposite row, as indicated.
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spectroscopic measurements by Zhou et al. !2006" and
Bostwick et al. !2007", the electronic properties of
graphene are described by an equation !the Dirac equa-
tion" of relativistic quantum mechanics, even though the
microscopic Hamiltonian of carbon atoms is nonrelativ-
istic. While graphene itself is not superconducting, it ac-
quires superconducting properties by proximity to a su-
perconductor. We therefore have the unique possibility
to bridge the gap between relativity and superconductiv-
ity in a real material.

For example, Fig. 2 shows two superconducting elec-
trodes on top of a carbon monolayer. The supercurrent
measured through this device by Heersche et al. !2007" is
carried by massless electrons and holes, converted into
each other by the superconducting pair potential. This
conversion process, known as Andreev reflection !An-
dreev, 1964", is described by a superconducting variant
of the Dirac equation !Beenakker, 2006".

In this Colloquium, we review the unusual physics of
Andreev reflection in graphene. For a broader perspec-
tive, we compare and contrast this coupling of electrons
and holes by a superconducting pair potential with the
coupling of electrons and holes by an electrostatic po-
tential. The latter phenomenon is called Klein tunneling
!Cheianov and Fal’ko, 2006; Katsnelson, et al., 2006"
with reference to relativistic quantum mechanics, where
it represents the tunneling of a particle into the Dirac
sea of antiparticles !Klein, 1929". Klein tunneling in
graphene is the tunneling of an electron from the con-
duction band into hole states from the valence band
!which plays the role of the Dirac sea".

The two phenomena, Andreev reflection and Klein
tunneling, are introduced in Secs. III and IV, respec-
tively, and then compared in Sec. V. But first we summa-
rize, in Sec. II, the special properties of graphene that
govern these two phenomena. More comprehensive re-
views of graphene have been written by Castro Neto et
al. !2006, 2007", Geim and Novoselov !2007", Gusynin et
al. !2007", Katsnelson !2007", and Katsnelson and No-
voselov !2007".

II. BASIC PHYSICS OF GRAPHENE

A. Dirac equation

The unusual band structure of a single layer of graph-
ite, shown in Fig. 3, has been known for 60 years !Wal-

lace, 1947". Near each corner of the hexagonal first Bril-
louin zone, the energy E has a conical dependence on
the two-dimensional wave vector k= !kx ,ky". Denoting
by !k=k!K the displacement from the corner at wave
vector K, one has for !ka"1 the dispersion relation

#E# = #v#!k# . !1"

The velocity v$ 1
2
%3$a /#&106 m/s is proportional to

the lattice constant a=0.246 nm and to the nearest-
neighbor hopping energy $&3 eV on the honeycomb
lattice of carbon atoms !shown in Fig. 4".

The linear dispersion relation !1" implies an energy-
independent group velocity vgroup$!E /#!k=v of low-
energy excitations !E"$". These electron excitations
!filled states in the conduction band" or hole excitations
!empty states in the valence band", therefore, have zero
effective mass. DiVincenzo and Mele !1984" and Se-
menoff !1984" noticed that—even though v"c—such
massless excitations are governed by a wave equation,
the Dirac equation, of relativistic quantum mechanics,

! i#v' 0 !x ! i!y

!x + i!y 0
('%A

%B
( = E'%A

%B
( . !2"

)The derivation of this equation for a carbon monolayer
goes back to McClure !1956".*

The two components %A and %B give the amplitude
%A!r"eiK·r and %B!r"eiK·r of the wave function on the A
and B sublattices of the honeycomb lattice !see Fig. 4".
The differential operator couples %A to %B but not to
itself, in view of the fact that nearest-neighbor hopping

FIG. 2. !Color online" Atomic force microscope image !false
color" of a carbon monolayer covered by two superconducting
Al electrodes. From Heersche et al., 2007.

FIG. 3. !Color online" Band structure E!kx ,ky" of a carbon
monolayer. The hexagonal first Brillouin zone is indicated. The
conduction band !E&0" and the valence band !E'0" form
conically shaped valleys that touch at the six corners of the
Brillouin zone !called conical points, Dirac points, or K
points". The three corners marked by a white dot are con-
nected by reciprocal-lattice vectors, so they are equivalent.
Likewise, the three corners marked by a black dot are equiva-
lent. In undoped grapheme, the Fermi level passes through the
Dirac points. Illustration by C. Jozsa and B. J. van Wees.
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Fig. 2: Orbital electronic structure of NTs.  (a) The quantization condition (gray planes) 

around the nanotube circumference results in four hyperbolic bands (green and purple) 

near the two Dirac points (K ,K!) of graphene. (b) The lowest electron-like states in the K 

and K! valley are equal in energy (green and purple dots in panel a), and constitute a 

clockwise and counterclockwise persistent ring current. (c) The resulting large orbital 

magnetic moments "orb can be employed to lift the valley degeneracy or tune the band-

gap Egap with an external magnetic field B||. 

 

 

 
 

 

Fig. 3 (a) Schematic of the main fabrication steps of a suspended NT quantum dot. No 

processing is needed after CVD growth, resulting in clean NTs. (b) Optical image of the 

bonding pads for four devices before carbon nanotube growth. (c,d) Scanning electron 

micrographs of devices with 1 "m and 0.1 "m wide trenches. The nanotubes and oxide 

sidewalls appear bright in the top view (d).  
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Fig. 4 (a) Understanding the four quantum states of the lowest electronic shell (red). (b) 

At sub-Kelvin temperatures and finite magnetic field the four combinations of clock-

wise/counterclockwise motion (K/K’) and spin up/down (!/") are clearly resolved in a 

suspended device using tunneling spectroscopy. (c) Their magnetic field dependence 

reveals a spin-orbit gap of #SO=0.37 meV at zero magnetic field18. 
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} spectroscopic measurements by Zhou et al. !2006" and
Bostwick et al. !2007", the electronic properties of
graphene are described by an equation !the Dirac equa-
tion" of relativistic quantum mechanics, even though the
microscopic Hamiltonian of carbon atoms is nonrelativ-
istic. While graphene itself is not superconducting, it ac-
quires superconducting properties by proximity to a su-
perconductor. We therefore have the unique possibility
to bridge the gap between relativity and superconductiv-
ity in a real material.

For example, Fig. 2 shows two superconducting elec-
trodes on top of a carbon monolayer. The supercurrent
measured through this device by Heersche et al. !2007" is
carried by massless electrons and holes, converted into
each other by the superconducting pair potential. This
conversion process, known as Andreev reflection !An-
dreev, 1964", is described by a superconducting variant
of the Dirac equation !Beenakker, 2006".

In this Colloquium, we review the unusual physics of
Andreev reflection in graphene. For a broader perspec-
tive, we compare and contrast this coupling of electrons
and holes by a superconducting pair potential with the
coupling of electrons and holes by an electrostatic po-
tential. The latter phenomenon is called Klein tunneling
!Cheianov and Fal’ko, 2006; Katsnelson, et al., 2006"
with reference to relativistic quantum mechanics, where
it represents the tunneling of a particle into the Dirac
sea of antiparticles !Klein, 1929". Klein tunneling in
graphene is the tunneling of an electron from the con-
duction band into hole states from the valence band
!which plays the role of the Dirac sea".

The two phenomena, Andreev reflection and Klein
tunneling, are introduced in Secs. III and IV, respec-
tively, and then compared in Sec. V. But first we summa-
rize, in Sec. II, the special properties of graphene that
govern these two phenomena. More comprehensive re-
views of graphene have been written by Castro Neto et
al. !2006, 2007", Geim and Novoselov !2007", Gusynin et
al. !2007", Katsnelson !2007", and Katsnelson and No-
voselov !2007".

II. BASIC PHYSICS OF GRAPHENE

A. Dirac equation

The unusual band structure of a single layer of graph-
ite, shown in Fig. 3, has been known for 60 years !Wal-

lace, 1947". Near each corner of the hexagonal first Bril-
louin zone, the energy E has a conical dependence on
the two-dimensional wave vector k= !kx ,ky". Denoting
by !k=k!K the displacement from the corner at wave
vector K, one has for !ka"1 the dispersion relation

#E# = #v#!k# . !1"

The velocity v$ 1
2
%3$a /#&106 m/s is proportional to

the lattice constant a=0.246 nm and to the nearest-
neighbor hopping energy $&3 eV on the honeycomb
lattice of carbon atoms !shown in Fig. 4".

The linear dispersion relation !1" implies an energy-
independent group velocity vgroup$!E /#!k=v of low-
energy excitations !E"$". These electron excitations
!filled states in the conduction band" or hole excitations
!empty states in the valence band", therefore, have zero
effective mass. DiVincenzo and Mele !1984" and Se-
menoff !1984" noticed that—even though v"c—such
massless excitations are governed by a wave equation,
the Dirac equation, of relativistic quantum mechanics,

! i#v' 0 !x ! i!y

!x + i!y 0
('%A

%B
( = E'%A

%B
( . !2"

)The derivation of this equation for a carbon monolayer
goes back to McClure !1956".*

The two components %A and %B give the amplitude
%A!r"eiK·r and %B!r"eiK·r of the wave function on the A
and B sublattices of the honeycomb lattice !see Fig. 4".
The differential operator couples %A to %B but not to
itself, in view of the fact that nearest-neighbor hopping

FIG. 2. !Color online" Atomic force microscope image !false
color" of a carbon monolayer covered by two superconducting
Al electrodes. From Heersche et al., 2007.

FIG. 3. !Color online" Band structure E!kx ,ky" of a carbon
monolayer. The hexagonal first Brillouin zone is indicated. The
conduction band !E&0" and the valence band !E'0" form
conically shaped valleys that touch at the six corners of the
Brillouin zone !called conical points, Dirac points, or K
points". The three corners marked by a white dot are con-
nected by reciprocal-lattice vectors, so they are equivalent.
Likewise, the three corners marked by a black dot are equiva-
lent. In undoped grapheme, the Fermi level passes through the
Dirac points. Illustration by C. Jozsa and B. J. van Wees.
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We theoretically investigate the coupling of electron spin to vibrational motion due to curvature-
induced spin-orbit coupling in suspended carbon nanotube quantum dots. Our estimates indicate
that, with current capabilities, a quantum dot with an odd number of electrons can serve as a realiza-
tion of the Jaynes-Cummings model of quantum electrodynamics in the strong-coupling regime. A
quantized flexural mode of the suspended tube plays the role of the optical mode and we identify two
distinct two-level subspaces, at small and large magnetic field, which can be used as qubits in this
setup. The strong intrinsic spin-mechanical coupling allows for detection, as well as manipulation
of the spin qubit, and may yield enhanced performance of nanotubes in sensing applications.

Recent experiments in nanomechanics have reached
the ultimate quantum limit by cooling a nanomechani-
cal system close to its ground state[1]. Among the vari-
ety of available nanomechanical systems, nanostructures
made out of atomically-thin carbon-based materials such
as graphene and carbon nanotubes (CNTs) stand out due
to their low masses and high sti!nesses. These properties
give rise to high oscillation frequencies, potentially en-
abling near ground-state cooling using conventional cryo-
genics, and large zero-point motion, which improves the
ease of detection[2, 3].

Recently, a high quality-factor suspended CNT res-
onator was used to demonstrate strong coupling be-
tween nanomechanical motion and single-charge tunnel-
ing through a quantum dot (QD) defined in the CNT[4].
Here, we theoretically investigate the coupling of a single
electron spin to the quantized motion of a discrete flexu-
ral mode of a suspended CNT (see Fig.1), and show that
the strong-coupling regime of this Jaynes-Cummings-
type system is within reach. This coupling provides
means for electrical manipulation of the electron spin
via microwave irradiation, and leads to strong nonlinear-
ities in the CNT’s mechanical response which may po-
tentially be used for enhanced functionality in sensing
applications[5–7].

In addition to their outstanding mechanical proper-
ties, carbon-based systems also possess many attrac-
tive characteristics for information processing applica-
tions. The potential for single electron spins in QDs to
serve as the elementary qubits for quantum information
processing[8] is currently being investigated in a variety
of systems. In many materials, such as GaAs, the hyper-
fine interaction between electron and nuclear spins is the
primary source of electron spin decoherence which lim-
its qubit performance (see e.g., [9]). However, carbon-
based structures can be grown using starting materials
isotopically-enriched in 12C, which has no net nuclear
spin, thus practically eliminating the hyperfine mecha-
nism of decoherence[10], leaving behind only a spin-orbit

nanotube
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x
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electron

support

gate

FIG. 1: Schematic of a suspended carbon nanotube (CNT)
containing a quantum dot filled with a single electron spin.
The spin-orbit coupling in the CNT induces a strong coupling
between the spin and the quantized mechanical motion u(z)
of the CNT.

contribution[11, 12]. Furthermore, while the phonon con-
tinuum in bulk materials provides the primary bath en-
abling spin relaxation, the discretized phonon spectrum
of a suspended CNT can be engineered to have an ex-
tremely low density of states at the qubit (spin) energy
splitting. Thus very long spin lifetimes are expected o!-
resonance. On the other hand, when the spin splitting is
nearly resonant with one of the high-Q discrete phonon
“cavity” modes, strong spin-phonon coupling can enable
qubit control, information transfer, or the preparation of
“Schrödinger cat”-like entangled states.
The interaction between nanomechanical resonators

and single spins was recently detected[13], and has been
theoretically investigated[14, 15] for cases where the spin-
resonator coupling arises from the relative motion of the
spin and a source of local magnetic field gradients. Such
coupling is achieved, e.g., using a magnetic tip on a vi-
brating cantilever which can be positioned close to an
isolated spin fixed to a non-moving substrate. Creating
strong, well-controlled, local gradients remains challeng-
ing for such setups. In contrast, as we now describe, in
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function in the envelope-function representation has the form1

!(z, c)|!, s" = ei!k!c

#
2"R

#(z)$" $ %s $ %! , (A4)

where k! = % #
3R is the wave vector associated with the gap, $" = 1"

2
(1 1)T is a pseudospinor describing the

sublattice degrees of freedom, %s and %! describe the spin and valley degrees of freedom, respectively, %+ = (1 0)T

and %# = (0 1)T, and the precise form of the envelope wave function #(z) depends on the confining potential.
We can now take matrix elements with respect to HB and HSO = t̂ · s!3(&1!1+!0) and also a term describing the

microscopic disorder that couples valleys: HKK" = VKK" , where VKK" is a short-range disorder potential depending
on the longitudinal and circumferential coordinate operators. (Note that short-range disorder can be systematically
incorporated into the envelope-function description, see e.g., Refs. 8,9.) This procedure will produce a Hamiltonian
of the form in Eq. (1) in the main text,

H =
!so

2
!3(s · t) +!KK"!1 % µorb!3(B · t) + µB(s ·B),

with

!so = 2!+|&1!1 +!0|+", !KK" = !%|VKK" |+", µorb =
evFR

2
!+|&1|+". (A5)

Here the kets |±" stand for the orbital states with ! = ±1. Note that in general, the valley-mixing term can include
both !1 and !2, but an appropriate unitary transformation in the valley space can be used to put it into the form
above with real !KK" .

1. Derivation of the coupling to vibrations

Next we look at how the vibrations couple to the four states of the quantum dot. The amplitude of the tube is in
terms of the harmonic oscillator raising/lowering operators given by

u(z) = f(z)
'0#
2

!
a+ a†

"
, (A6)

where we focus on a single vibrational mode. The coupling to the spin is via the change of the tangent direction given
by

(t̂ =
du

dz
x̂, (A7)

where x̂ is perpendicular to the tube and in the plane of the vibration. The interaction Hamiltonian then becomes

Hs,vib = (t̂ · s !3(&1!1 +!0)% µorb!3&1(t̂ ·B. (A8)

As above, we now project onto a single longitudinal mode, thus taking matrix elements of Hs,vib in the basis |!, s".
Such matrix elements involve form factors like

!!, s|&if
$(z)|! $, s$" = (!! "!!, s|&if

$(z)|!, s$" = (!! "(ss"Fi,! . (A9)

At this point we note that the coupling is small for a symmetric dots and even harmonics, because the F factors then
tend to cancel, see discussion in the main text. The e"ective Hamiltonian for coupling between the four states of the
quantum dot and the vibration now becomes

Hs,vib =
'0#
2

!
a+ a†

"
{sx!3(F1!1 + F0!0)%Bx!3µorbF1} . (A10)

We see from Eq. (A10) that the coupling of the vibrations to quantum dot states have di"erent form factors from
what one would get by simply setting (A7) into Eq. (1) of the main paper. However, when the energy scales are
clearly separated as in (A3) the eigenstates |!, s" are eigenstates of &1 (which can be seen from (A1)) and therefore
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András Pályi,1, 2 P. R. Struck,1 Mark Rudner,3 Karsten Flensberg,3, 4 and Guido Burkard1

1Department of Physics, University of Konstanz, D-78457 Konstanz, Germany
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We theoretically investigate the coupling of electron spin to vibrational motion due to curvature-
induced spin-orbit coupling in suspended carbon nanotube quantum dots. Our estimates indicate
that, with current capabilities, a quantum dot with an odd number of electrons can serve as a realiza-
tion of the Jaynes-Cummings model of quantum electrodynamics in the strong-coupling regime. A
quantized flexural mode of the suspended tube plays the role of the optical mode and we identify two
distinct two-level subspaces, at small and large magnetic field, which can be used as qubits in this
setup. The strong intrinsic spin-mechanical coupling allows for detection, as well as manipulation
of the spin qubit, and may yield enhanced performance of nanotubes in sensing applications.

Recent experiments in nanomechanics have reached
the ultimate quantum limit by cooling a nanomechani-
cal system close to its ground state[1]. Among the vari-
ety of available nanomechanical systems, nanostructures
made out of atomically-thin carbon-based materials such
as graphene and carbon nanotubes (CNTs) stand out due
to their low masses and high sti!nesses. These properties
give rise to high oscillation frequencies, potentially en-
abling near ground-state cooling using conventional cryo-
genics, and large zero-point motion, which improves the
ease of detection[2, 3].

Recently, a high quality-factor suspended CNT res-
onator was used to demonstrate strong coupling be-
tween nanomechanical motion and single-charge tunnel-
ing through a quantum dot (QD) defined in the CNT[4].
Here, we theoretically investigate the coupling of a single
electron spin to the quantized motion of a discrete flexu-
ral mode of a suspended CNT (see Fig.1), and show that
the strong-coupling regime of this Jaynes-Cummings-
type system is within reach. This coupling provides
means for electrical manipulation of the electron spin
via microwave irradiation, and leads to strong nonlinear-
ities in the CNT’s mechanical response which may po-
tentially be used for enhanced functionality in sensing
applications[5–7].

In addition to their outstanding mechanical proper-
ties, carbon-based systems also possess many attrac-
tive characteristics for information processing applica-
tions. The potential for single electron spins in QDs to
serve as the elementary qubits for quantum information
processing[8] is currently being investigated in a variety
of systems. In many materials, such as GaAs, the hyper-
fine interaction between electron and nuclear spins is the
primary source of electron spin decoherence which lim-
its qubit performance (see e.g., [9]). However, carbon-
based structures can be grown using starting materials
isotopically-enriched in 12C, which has no net nuclear
spin, thus practically eliminating the hyperfine mecha-
nism of decoherence[10], leaving behind only a spin-orbit
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FIG. 1: Schematic of a suspended carbon nanotube (CNT)
containing a quantum dot filled with a single electron spin.
The spin-orbit coupling in the CNT induces a strong coupling
between the spin and the quantized mechanical motion u(z)
of the CNT.

contribution[11, 12]. Furthermore, while the phonon con-
tinuum in bulk materials provides the primary bath en-
abling spin relaxation, the discretized phonon spectrum
of a suspended CNT can be engineered to have an ex-
tremely low density of states at the qubit (spin) energy
splitting. Thus very long spin lifetimes are expected o!-
resonance. On the other hand, when the spin splitting is
nearly resonant with one of the high-Q discrete phonon
“cavity” modes, strong spin-phonon coupling can enable
qubit control, information transfer, or the preparation of
“Schrödinger cat”-like entangled states.
The interaction between nanomechanical resonators

and single spins was recently detected[13], and has been
theoretically investigated[14, 15] for cases where the spin-
resonator coupling arises from the relative motion of the
spin and a source of local magnetic field gradients. Such
coupling is achieved, e.g., using a magnetic tip on a vi-
brating cantilever which can be positioned close to an
isolated spin fixed to a non-moving substrate. Creating
strong, well-controlled, local gradients remains challeng-
ing for such setups. In contrast, as we now describe, in
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are important for microscale devices do not prove optimal
for nanoscale devices. For example, such optical methods
as fiber-optic interferometry and reflecting off a cantilever
(the so-called optical lever) have been used extensively in
MEMS, especially on commercially available scanning
probe microscopes. However, because nanomechanical de-
vices are small compared to the wavelength of light, dif-
fraction dramatically complicates such approaches. Near-
field optical methods may play an important future role.
But optical adsorption and the resulting heating of the me-
chanical structure prove problematic for the most sensi-
tive regimes. So it appears that optimal coupling at the
quantum limit may be difficult to achieve optically. Nev-
ertheless, optical techniques have recently enabled the de-
tection of microcantilever motion induced by a single elec-
tron spin.3

Piezoresistive displacement transduction has found
widespread applications in larger micron-scale devices.
Use of this technique for nearly quantum-limited detection
of NEMS devices, however, does not appear to be straight-
forward. The dissipation involved will cause appreciable
heating of tiny devices, which will likely preclude opera-
tion at ultralow temperatures.

One technique that has been immensely successful is
magnetomotive detection, which utilizes the electromotive
force generated by a metallic conductor (typically a metalli-
zation layer) affixed to a mechanical device that moves in
a large magnetic field—on the order of several tesla. This
technique is especially well suited for low-temperature
measurements for which the imposition of large magnetic
fields is commonplace; it has been employed to monitor the
highest-frequency devices measured to date, with funda-
mental flexural modes exceeding 1 GHz.1 Unfortunately,
magnetomotive motion detection becomes increasingly
awkward at higher frequencies. The effective electrical im-
pedance, which arises from electromechanical coupling to
the motional part of the device, scales inversely with fre-
quency and hence tends to be swamped by parasitic, static
circuit impedances as the frequency increases into the
gigahertz domain. But even at lower frequencies, at hun-
dreds of megahertz, observing the thermal fluctuations of
a nanomechanical resonator by this technique has so far
proven elusive—the intrinsic noise of state-of-the-art cryo-
genically cooled amplifiers is too high to surmount the
bugaboo of insufficient mechanical-to-electrical transduc-
tion efficiency. The problem is generic for most motion-
transduction methods at microwave frequencies.

Using parametric amplification, the Caltech group
has demonstrated an attractive way to work around this
problem. They employ the Euler instability—the nonlin-
earity that causes a beam under compression to buckle—
to realize a high-frequency amplifier that works entirely
on mechanical principles. Their device, depicted in figure
1d, provides stable gain and up to a thousandfold dis-
placement amplification in response to a weak stimulus
force at 17 MHz. With sufficient gain in the mechanical do-

main, the challenge of displacement transduction becomes
substantially easier and thermomechanical fluctuations in
a cryogenically cooled device have indeed been observed
with such an amplifier.

Some of the most exciting recent transduction efforts
are focused on coupling high-frequency nanomechanical
systems to various nanoelectronic and mesoscopic devices
that serve essentially as integrated amplifiers. Examples are
quantum point contacts, quantum dots, or single-electron
transistors (SETs) used in configurations where the mo-
tion of a nanomechanical device modulates the electron
transport properties. Among these readout strategies, the
SET—shown by many research groups to be a very sensi-
tive detector of charge—has now enabled nearly quantum-
limited position detection for NEMS devices. Figures 1a
and 1e each show a charged nanomechanical resonator
capacitively coupled to an SET. The resonator’s motion
induces a change in the charge on the gate electrode of the
SET; the resulting change in the SET’s conductance can be
directly monitored. Careful consideration of noise sources
indicates that the SET can provide motion detection with
sensitivity down to the quantum limit.

Robert Knobel and Andrew Cleland at the University
of California, Santa Barbara,10 were the first to demon-
strate position detection using an SET. They used the de-
vice as a narrowband mixer—with a bandwidth of only
100 Hz—and detected the flexural resonance of a 100-MHz
device. Their effort yielded continuous position detection

http://www.physicstoday.org July 2005    Physics Today 39
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Figure 3. Detection techniques for nanomechanical dis-
placement. (a) An optical detection scheme that is typically
used in atomic-force microscopy but that does not work
well for NEMS. Light from an optical fiber reflects off the
resonator and returns up the fiber. (b) A magnetomotive
technique that measures the electromotive force generated
when the metal layer on top of the resonator moves in the
magnetic field B. (c) Coupling to a mesoscopic detector
such as a quantum dot, a quantum point contact, or a single-
electron transistor. The current IDS through the detector is
modulated by the NEMS motion.

Schwab & Roukes, Phys. Today 2005
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FIG. 3: Response of the spin-oscillator system. (a) Phonon number probability distribution P (n, !"), (b) average phonon
occupation n̄ and root mean squared displacement X of the uncoupled driven CNT resonator (g = 0), as functions of the drive
frequency–oscillator frequency detuning !" = " ! "p. The parameters are T = 50 mK, "p/2# = 500 MHz, ! = 5 · 104 s!1

and $/2# = 0.027 MHz. The same quantities are plotted in (c) and (d) for a resonantly coupled qubit-oscillator system (i.e.,
"q = "p), with coupling constant g/2# = 0.5 MHz and further parameters as in (a) and (b). (e) Steady-state oscillator
response from the semiclassical calculation, corresponding to the parameters of (c) and (d). The green solid (purple dashed)
lines describe stable (unstable) solutions. (f) Bimodal phonon number distribution, taken along the dashed vertical line of (c).
(g,h) Root mean squared value X of the resonator amplitude in the coupled spin qubit - oscillator system at (g) T = 0 and (h)
T = 50 mK, as functions of magnetic field detuning !B (detuning the qubit frequency away from resonance with the oscillator)
and drive frequency–oscillator frequency detuning !".

!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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APPENDIX A: QUBIT-PHONON COUPLINGS

We treat three di"erent qubit realizations in the main text: the spin qubit (S), the Kramers qubit in a magnetic
field perpendicular to the carbon nanotube (CNT) (Kx), and the Kramers qubit in a parallel-to-CNT magnetic field
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!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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and $/2# = 0.027 MHz. The same quantities are plotted in (c) and (d) for a resonantly coupled qubit-oscillator system (i.e.,
"q = "p), with coupling constant g/2# = 0.5 MHz and further parameters as in (a) and (b). (e) Steady-state oscillator
response from the semiclassical calculation, corresponding to the parameters of (c) and (d). The green solid (purple dashed)
lines describe stable (unstable) solutions. (f) Bimodal phonon number distribution, taken along the dashed vertical line of (c).
(g,h) Root mean squared value X of the resonator amplitude in the coupled spin qubit - oscillator system at (g) T = 0 and (h)
T = 50 mK, as functions of magnetic field detuning !B (detuning the qubit frequency away from resonance with the oscillator)
and drive frequency–oscillator frequency detuning !".

!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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"q = "p), with coupling constant g/2# = 0.5 MHz and further parameters as in (a) and (b). (e) Steady-state oscillator
response from the semiclassical calculation, corresponding to the parameters of (c) and (d). The green solid (purple dashed)
lines describe stable (unstable) solutions. (f) Bimodal phonon number distribution, taken along the dashed vertical line of (c).
(g,h) Root mean squared value X of the resonator amplitude in the coupled spin qubit - oscillator system at (g) T = 0 and (h)
T = 50 mK, as functions of magnetic field detuning !B (detuning the qubit frequency away from resonance with the oscillator)
and drive frequency–oscillator frequency detuning !".

!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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lines describe stable (unstable) solutions. (f) Bimodal phonon number distribution, taken along the dashed vertical line of (c).
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!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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response from the semiclassical calculation, corresponding to the parameters of (c) and (d). The green solid (purple dashed)
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and drive frequency–oscillator frequency detuning !".

!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].

This work was supported by the Marie Curie grant
CIG-293834 and the QSpiCE program of ESF (AP), DFG
under the programs FOR 912 and SFB 767 (PS and GB),
NSF grants DMR-090647 and PHY-0646094 (MR), and
The Danish Council for Independent Research — Natural
Sciences (KF).

Note: While completing this manuscript, we became
aware of a related work [35] that describes the theory of
the spin-phonon coupling in a CNT resonator QD, and
its consequences in the spin blockade transport setup.

APPENDIX A: QUBIT-PHONON COUPLINGS

We treat three di"erent qubit realizations in the main text: the spin qubit (S), the Kramers qubit in a magnetic
field perpendicular to the carbon nanotube (CNT) (Kx), and the Kramers qubit in a parallel-to-CNT magnetic field
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We theoretically investigate the coupling of electron spin to vibrational motion due to curvature-
induced spin-orbit coupling in suspended carbon nanotube quantum dots. Our estimates indicate
that, with current capabilities, a quantum dot with an odd number of electrons can serve as a realiza-
tion of the Jaynes-Cummings model of quantum electrodynamics in the strong-coupling regime. A
quantized flexural mode of the suspended tube plays the role of the optical mode and we identify two
distinct two-level subspaces, at small and large magnetic field, which can be used as qubits in this
setup. The strong intrinsic spin-mechanical coupling allows for detection, as well as manipulation
of the spin qubit, and may yield enhanced performance of nanotubes in sensing applications.

Recent experiments in nanomechanics have reached
the ultimate quantum limit by cooling a nanomechani-
cal system close to its ground state[1]. Among the vari-
ety of available nanomechanical systems, nanostructures
made out of atomically-thin carbon-based materials such
as graphene and carbon nanotubes (CNTs) stand out due
to their low masses and high sti!nesses. These properties
give rise to high oscillation frequencies, potentially en-
abling near ground-state cooling using conventional cryo-
genics, and large zero-point motion, which improves the
ease of detection[2, 3].

Recently, a high quality-factor suspended CNT res-
onator was used to demonstrate strong coupling be-
tween nanomechanical motion and single-charge tunnel-
ing through a quantum dot (QD) defined in the CNT[4].
Here, we theoretically investigate the coupling of a single
electron spin to the quantized motion of a discrete flexu-
ral mode of a suspended CNT (see Fig.1), and show that
the strong-coupling regime of this Jaynes-Cummings-
type system is within reach. This coupling provides
means for electrical manipulation of the electron spin
via microwave irradiation, and leads to strong nonlinear-
ities in the CNT’s mechanical response which may po-
tentially be used for enhanced functionality in sensing
applications[5–7].

In addition to their outstanding mechanical proper-
ties, carbon-based systems also possess many attrac-
tive characteristics for information processing applica-
tions. The potential for single electron spins in QDs to
serve as the elementary qubits for quantum information
processing[8] is currently being investigated in a variety
of systems. In many materials, such as GaAs, the hyper-
fine interaction between electron and nuclear spins is the
primary source of electron spin decoherence which lim-
its qubit performance (see e.g., [9]). However, carbon-
based structures can be grown using starting materials
isotopically-enriched in 12C, which has no net nuclear
spin, thus practically eliminating the hyperfine mecha-
nism of decoherence[10], leaving behind only a spin-orbit
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FIG. 1: Schematic of a suspended carbon nanotube (CNT)
containing a quantum dot filled with a single electron spin.
The spin-orbit coupling in the CNT induces a strong coupling
between the spin and the quantized mechanical motion u(z)
of the CNT.

contribution[11, 12]. Furthermore, while the phonon con-
tinuum in bulk materials provides the primary bath en-
abling spin relaxation, the discretized phonon spectrum
of a suspended CNT can be engineered to have an ex-
tremely low density of states at the qubit (spin) energy
splitting. Thus very long spin lifetimes are expected o!-
resonance. On the other hand, when the spin splitting is
nearly resonant with one of the high-Q discrete phonon
“cavity” modes, strong spin-phonon coupling can enable
qubit control, information transfer, or the preparation of
“Schrödinger cat”-like entangled states.
The interaction between nanomechanical resonators

and single spins was recently detected[13], and has been
theoretically investigated[14, 15] for cases where the spin-
resonator coupling arises from the relative motion of the
spin and a source of local magnetic field gradients. Such
coupling is achieved, e.g., using a magnetic tip on a vi-
brating cantilever which can be positioned close to an
isolated spin fixed to a non-moving substrate. Creating
strong, well-controlled, local gradients remains challeng-
ing for such setups. In contrast, as we now describe, in
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FIG. 3: Response of the spin-oscillator system. (a) Phonon number probability distribution P (n, !"), (b) average phonon
occupation n̄ and root mean squared displacement X of the uncoupled driven CNT resonator (g = 0), as functions of the drive
frequency–oscillator frequency detuning !" = " ! "p. The parameters are T = 50 mK, "p/2# = 500 MHz, ! = 5 · 104 s!1

and $/2# = 0.027 MHz. The same quantities are plotted in (c) and (d) for a resonantly coupled qubit-oscillator system (i.e.,
"q = "p), with coupling constant g/2# = 0.5 MHz and further parameters as in (a) and (b). (e) Steady-state oscillator
response from the semiclassical calculation, corresponding to the parameters of (c) and (d). The green solid (purple dashed)
lines describe stable (unstable) solutions. (f) Bimodal phonon number distribution, taken along the dashed vertical line of (c).
(g,h) Root mean squared value X of the resonator amplitude in the coupled spin qubit - oscillator system at (g) T = 0 and (h)
T = 50 mK, as functions of magnetic field detuning !B (detuning the qubit frequency away from resonance with the oscillator)
and drive frequency–oscillator frequency detuning !".

!!± ! !!p " !g2/(!p # !q) of Eq. (3) can be e!ciently
excited by the drive at fixed "B, giving rise to the upper
(lower) feature in Fig. 3g for "B < 0 ("B > 0). However,
for T ! !!q, both branches of the Jaynes-Cummings lad-
der can be e!ciently excited (Fig. 3h). This is a distinct
and experimentally accessible signature of the strong cou-
pling at finite temperature. We note that the standard
avoided-crossing feature known as vacuum Rabi splitting
is also present here (see arrows in Fig. 3d) but the signal
from the non-linear, strongly driven system is stronger by
more than two orders of magnitude.

Displacement detection of nanomechanical systems is
possible using charge sensing[5, 29], where the conduc-
tance of a mesoscopic conductor, such as a QD or
quantum point contact, is modulated via capacitve cou-
pling to the charged mechanical resonator. Further-
more, the qubit state itself can be read-out using spin-
detection schemes developed for semiconductor QDs[30],
or by a dispersive readout scheme like that commonly
used in superconducting qubits coupled to microwave
resonators[31]. The dispersive regime can be rapidly ac-
cessed by, e.g., tuning the resonator frequency using dc
gate pulses which control the tension in the CNT[4].

In summary, we predict that strong qubit-resonator
coupling can be realized in suspended CNT QDs with
current state-of-the-art devices. The coupling described
here may find use in sensing applications, and in spin-
based quantum information processing, where the CNT
oscillator enables electrical control of the electron spin,
and, with capacitive couplers, may provide long-range in-
teractions between distant electronic qubits[15, 32, 33].
Combined with control of the qubit via electron-spin-
resonance[34], the mechanism studied here could be uti-
lized for ground-state cooling and for generating arbi-
trary motional quantum states of the oscillator [14].
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Note: While completing this manuscript, we became
aware of a related work [35] that describes the theory of
the spin-phonon coupling in a CNT resonator QD, and
its consequences in the spin blockade transport setup.

APPENDIX A: QUBIT-PHONON COUPLINGS

We treat three di"erent qubit realizations in the main text: the spin qubit (S), the Kramers qubit in a magnetic
field perpendicular to the carbon nanotube (CNT) (Kx), and the Kramers qubit in a parallel-to-CNT magnetic field


