How long does it take to obtain a physical
density matrix?

L. Knips1,2

, C. Schwemmer1,2
, N. Klein1,2 , J. Reuter3 ,
G. Tóth4,5,6 , and H. Weinfurter1,2
1 Max-Planck-Institut

für Quantenoptik, Garching, Germany
für Physik, Ludwig-Maximilians-Universtät, München, Germany
3 Bethe Center for Theoretical Physics, Universität Bonn, D-53115 Bonn, Germany
4 Theoretical Physics, University of the Basque Country, Bilbao, Spain
5 IKERBASQUE, Basque Foundation for Science, Bilbao, Spain
6 Wigner Research Centre for Physics, Budapest, Hungary
2 Department

ICOQI, Wien, Austria
11 December 2018
1 / 45

Outline
1

Motivation
Why quantum tomography is important?

2

Quantum experiments with multi-qubit systems
Physical systems
Local measurements

3

Full quantum state tomography
Basic ideas and scaling
Approaches to solve the scalability problem
Experiments

4

Obtaining a physical density matrix
The usual fitting procedure to obtain a physical matrix
Our insight: the key are the eigenvalues
Our proposal: Hypothesis testing
3 / 45

Why tomography is important?

Many experiments are aiming to create many-body entangled
states.
Quantum state tomography can be used to check how well the
state has been prepared.
However, there are some long standing problems:
the number of measurements scales exponentially with the number
of qubits,
the “raw” density matrices obtained from state tomography is not
physical, etc.
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Physical systems

Examples
14 qubits with trapped cold ions
T. Monz, P. Schindler, J.T. Barreiro, M. Chwalla, D. Nigg, W.A. Coish, M.
Harlander, W. Haensel, M. Hennrich, R. Blatt, Phys. Rev. Lett. 106, 130506
(2011).

10 qubits with photons
W.-B. Gao, C.-Y. Lu, X.-C. Yao, P. Xu, O. Gühne, A. Goebel, Y.-A. Chen, C.-Z.
Peng, Z.-B. Chen, J.-W. Pan, Nature Physics, 6, 331 (2010).

Outline
1

Motivation
Why quantum tomography is important?

2

Quantum experiments with multi-qubit systems
Physical systems
Local measurements

3

Full quantum state tomography
Basic ideas and scaling
Approaches to solve the scalability problem
Experiments

4

Obtaining a physical density matrix
The usual fitting procedure to obtain a physical matrix
Our insight: the key are the eigenvalues
Our proposal: Hypothesis testing
7 / 45

Only local measurements are possible
Definition
A single local measurement setting is the basic unit of experimental
effort.
A local setting means measuring operator A(k ) at qubit k for all qubits.

A(1)

A(2)

A(3)

...

A(n)

All two-qubit, three-qubit correlations, etc. can be obtained.
hA(1) A(2) i,hA(1) A(3) i, hA(1) A(2) A(3) i...
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Full quantum state tomography
The density matrix can be reconstructed from 3n measurement
settings ("overcomplete tomography").

Example
For n = 4, the measurements are
1.
2.
3.

X
X
X

34 .

Z

X
X
X
...
Z

X
X
X

X
Y
Z

Z

Z

Note again that the number of measurements scales exponentially
in n.
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Approaches to solve the scalability problem
If the state is expected to be of a certain form (MPS), we can
measure the parameters of the ansatz.
S.T. Flammia et al., arxiv:1002.3839; M. Cramer, M.B. Plenio, arxiv:1002.3780;
O. Landon-Cardinal et al., arxiv:1002.4632.

If the state is of low rank, we need fewer measurements.
D. Gross et al., Phys. Rev. Lett. 105, 150401 (2010).

Permutationally invariant tomography, tomography in a subspace
of the density matrices.
G. Tóth et al. , Phys. Rev. Lett. 105, 250403 (2010); T. Moroder et al., New J.
Phys. 14, 105001 (2012); C. Schwemmer et al., Phys. Rev. Lett. 113, 040503
(2014)
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Experiments with ions and photons

8 ions: H. Haeffner, W. Haensel, C. F. Roos, J. Benhelm, D. Chek-al-kar, M.
Chwalla, T. Koerber, U. D. Rapol, M. Riebe, P. O. Schmidt, C. Becher, O. Gühne,
W. Dür, R. Blatt, Nature 438, 643-646 (2005).
4 photons: N. Kiesel, C. Schmid, G. Tóth, E. Solano, and H. Weinfurter, Phys.
Rev. Lett. 98, 063604 (2007).
6 photons: C. Schwemmer, G. Tóth, A. Niggebaum, T. Moroder, D. Gross, O.
Gühne, and H. Weinfurter, Phys. Rev. Lett. 113, 040503 (2014).
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Obtain a density matrix
The density matrix can be decomposed into correlations as
%=

1 X
Tµ σµ ,
2n µ

where
σµ = σµ1 ⊗ σµ2 ⊗ · · · ⊗ σµn ,
µi ∈ {0, 1, 2, 3}.
σ1/2/3 are Pauli spin matrices, and σ0 is the identity matrix.
The correlation matrix is defined as
Tµ = hσµ i.

Obtain a density matrix II

How can we obtain the estimate %̃? We just measure Tµ = hσµ i.
(linear inversion)
Problem: we have finite number of measurements.
Hence, we cannot get hσµ i exactly and our state will not be
physical.

The consequence is not only a small error, but that % ≥ 0 is not
fulfilled.

Obtain a density matrix III
1 qubit, 11 measurements.
!σZ " = +1 ! ! ! ! ! ! ! ! ! ! ! !

! ! !
! !

! ! !
! !

!

!

!

!

!

!

!

!

!

!

!

!

! !
! ! !

! !
! ! !

!σZ " = −1 ! ! ! ! ! ! ! ! ! ! ! !
!σX " = −1

[R. Blume-Kohout, arXiv:quant-ph/0611080]

!σX " = +1

Obtain a density matrix IV

The negative eigenvalues are
due to finite statistics,
are not due to some experimental error.

Why negative eigenvalues are a problem?

We cannot calculate
fidelities with a mixed state,
entropies,
purity,
entanglement, etc.

We can still calculate
the fidelity with a pure state (=expectation value of a projector).

Fitting

Method to get rid of the negative eigenvalues of %.
Find the physical density matrix in a best agreement with the
experimental data.
Main methods: an elegant theory using maximum likelihood, least
squares.

[Z. Hradil, Phys. Rev. A 55, R1561 (1997);
D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G. White,
Phys. Rev. A 64, 052312 (2001);
R. Blume- Kohout, New J. Phys. 12, 043034 (2010).]

Problems with fitting
Bias: ML is unbiased for infinite statistics. We have finite data.
Fidelity changes, detection of fake entanglement
60
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Fidelity w.r.t. GHZ4

Unfortunately, the fidelity with respect to the pure state we wanted
to prepare also changes.
Note that the variance decerased due to fitting!
[Schwemmer et al., PRL 114, 080403 (2015).]

Problems with fitting II
Why are there problems?
Not possible to have a fitting algorithm that is unbiased and gives
a physical estimate.
Example: prrepare a pure state |Ψi. Make tomography M times
and construct the estimates %̃k .
Then, the estimator is unbiased if
M
1 X
%̃k = |ΨihΨ|.
M
k =1

Impossible, if %̃k are physical.
Derivation from
[Schwemmer, Knips, Richart, Weinfurter, Moroder, Kleinmann, Gühne,
PRL 114, 080403 (2015).]

Problems with fitting III
Another artifact: About half of the eigenvalues become zero.
Before

0

1

λk

.....

After

0
Small eigenvalues increase

1
Large eigenvalues decrease

λk

Heuristic explanation of the problem

Fitting is

Like frequency analysis.
Large frequencies do not matter if we have finite data.
(Harald Weinfurter)

Heuristic explanation of the problem II
Fitting is

Like the police is looking for someone, and the search warrant
says that the person is 3 meter tall. Who is the closest in the
database?
Strategy 1: we look for a person who is the closest, i.e., very tall.
Comment: we have to look for minimal distance from an
impossible data set.
Strategy 2: we ignore the useless data on how tall the person is,
and take into account only other parameters.
(GT)
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Let us analyze the problem

Completely mixed state
%wn =

1
1
σ0,0,...,0 = n 1
2n
2

with 2n degenerate eigenvalues λi = 1/2n .

We use overcomplete tomography, which is based on measuring
the Pauli correlations.

Distribution of eigenvalues
Consider n = 6 qubit maximally mixed state
Simulate N = 100 measurements per setting
Estimate density matrix
Repeat 10000 times
Histogram of eigenvalues

Distribution of eigenvalues
Consider n = 6 qubit maximally mixed state
Simulate N = 100 measurements per setting
Estimate density matrix
Repeat 10000 times
Histogram of eigenvalues

Distribution of eigenvalues II
The Wigner semicircle appears also in random matrix theory for a
special type of matrices
all elements have the same Gaussian distribution,
they are not correlated with each other.
Now the elements of the density matrix obtained from tomography
have different variances,
they are even correlated with each other.

Highly non-trivial result: We prove that we obtain the Wigner semicircle
distribution for the usual, overcomplete tomography.

Derivation (slide from Lukas Knips)

Other type of tomography

Not all tomographies lead to a Wigner semicircle

[F. V. James, P. G. Kwiat, W. J. Munro, and A. G. White, Phys. Rev. A 64, 052312
(2001).]

How long do we have to measure to get a physical
state?
Pure state mixed with white noise
%q = q|ψihψ| + (1 − q)%cm .

The center of the semicircle is shifted to
1−q
cq = n
.
2 −r
The radius of the semicircle is
r
 n
5 2 1
10n − 1 1
√ ≈2
√ .
R=2
n
12
6
N
N
Physical % if
 n  n

5
2 −1 2
R ≤ cq ⇒ N ≥ N 0 = 4
.
6
1−q

How long do we have to measure to get a physical
state? II
The minimum number of measurements needed is
 n  n

5
2 −1 2
N0 = 4
,
6
1−q
where n is the number of qubits.

The limit on the number of measurements is sharp, since we have
a Wigner semicircle distribution.

How long do we have to measure to get a physical
state? III
Six-qubit GHZ state mixed with q = 0.2 white noise,
radius and probability of physical matrix

The eigenvalues of the noisy state at N = N0 measurements
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Hypothesis testing

Assume
% = p%r + (1 − p)

1
2n

,

where %r is a pure of a low rank state.

Colored noise? We cannot tell, since the Wigner semicircle will
cover all structure.

Hypothesis about how many eigenvalues are “real”.

Hypothesis testing
We prepare experimentally a six-qubit Dicke state
1
(3)
|D6 i = √ (|000111i + |001011i + ... + |111000i).
6
Quantum state tomography with around 230 events per setting.
Hypothesis: 3 eigenvalues + noise. Is this correct?

Hypothesis testing II
We prepare experimentally a six-qubit Dicke state
1
(3)
|D6 i = √ (|000111i + |001011i + ... + |111000i).
6
Quantum state tomography with around 230 events per setting.
Hypothesis: 3 eigenvalues + noise. Is this correct?

Hypothesis testing III
We prepare experimentally a six-qubit Dicke state
1
(3)
|D6 i = √ (|000111i + |001011i + ... + |111000i).
6
Quantum state tomography with around 230 events per setting.
Hypothesis: 3 eigenvalues + noise. Is this correct?

Is the hypothesis correct?
Empirical distribution function (EDF) vs. Cumulative distribution
function (CDF) of the Wigner semicircle

Our method in a single figure
Large, useful eigenvalues are not affected!

Before

0

1

After

0
Small eigenvalues are
replaced by their average

1

λk

λk

Large eigenvalues do not change

Just to compare: old method
Large, useful eigenvalues are affected!

Before

0

1

λk

.....

After

0
Small eigenvalues increase

1
Large eigenvalues decrease

λk

Summary
We discussed the distribution of the eigenvalues of density
matrices obtained from tomography.
We proposed a simple solution for a long standing problem,
namely, getting rid of the negative eigenvalues.
I thank Lukas Knips for most of the figures for this talk.
See:
L. Knips, C. Schwemmer, N. Klein, J. Reuter, G. Tóth, and
H. Weinfurter,
How long does it take to obtain a physical density matrix?,
arxiv:1512.06866.
THANK YOU FOR YOUR ATTENTION!

