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Abstract

Two-mode oscillator quantum states are described via coherent state superpositions. The one-complex-
plane coherent-state representation is introduced as a generalization of low-dimensional coherent-state
representations of single mode fields. Application to two-mode squeezed states is emphasized, because
of their entangled nature and applicability for quantum communication. Continuous variable quantum
teleportation is treated in this framework.

PACS: 03.67.Hk, 03.65.Ud, 42.50.Dv

1. Introduction

Squeezing may be regarded as one of the most interesting phenomena in the quantum
optics of single mode fields [1, 2]. Squeezed states are nowadays typical textbook-exam-
ples to demonstrate the application of the arsenal of theoretical quantum optics for de-
scription of the state of a single mode fields [3, 4]. One of these methods is the low-
dimensional coherent-state representation of states, namely quadrature-squeezed states can
be expressed as superpositions of coherent states along straight lines of the phase space
[5]. This approach has shown to be useful in describing other states of a single mode
field as well. As coherent states form an overcomplete basis, states may be expressed as
superpositions of coherent states in lower dimensional [6, 7] or even discrete [8] subsets
of the phase space.

Because of the intensively growing interest in entangled states, especially due to funda-
mental questions of quantum mechanics, and the wide range of applications in the field of
quantum computation and quantum information, the attention has turned to multimode
fields. Both the generation of squeezed states and entangled states in optics is related to
coherent generation of photon pairs in nonlinear optical phenomena [9––11]. These kind of
processes are amongst the most widely used sources of entangled pairs in experiments [12].
Squeezing and entanglement are related concepts. But can we take advantage of the theore-
tical methods developed for single mode fields in this context?

In this paper, we shall present a method of representing quadrature-entangled states of
two-mode light fields by the means of coherent states. The set of states possibly repre-
sented in this way is not limited to entangled states, but it covers the entire Hilbert space.
The representation presented here is constructed in a manner very similar to the one-dimen-
sional coherent-state representations [5]. Instead of a superposition along a one-dimensional
curve in the complex phase space, the representation for two modes shall employ an inte-
gral on a single complex (i.e. two real dimensional) plane inside the two complex (four
real) dimensional phase space.
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To demonstrate the capabilities of this kind of representation, we shall formulate a de-
scription of continuous variable teleportation [13, 14], which is one of the most typical
applications of entanglement. The first quantum optical formulation of Braunstein and Kim-
ble in Ref. [15] utilizes the Wigner-function formalism. Their scheme may also be de-
scribed in terms of either wavefunctions on a quadrature-state basis [16, 17] or Fock-states
[17, 18]. A general covariant description in terms of arbitrary canonically conjugate obser-
vables and their eigenstates is also possible [19]. Our approach offers a useful alternative
for certain cases, especially if some of the states involved obey a simple analytic representa-
tion. Description of the entangled basis corresponding to the Bell-state measurement reveals
another possibility of constructing one-complex-plane representations.

This paper is organized as follows: In section 2 we shall briefly summarize the one-
dimensional coherent-state representations, focusing mainly on the straight-line superposi-
tions. In section 3 we shall introduce the one-complex-plane representation used for two-
mode states. In section 4 the continuous variable teleportation scheme is described using
the representations discussed so far, and introducing yet another construction. Section 5
summarizes our results.

2. One-dimensional Representations

What makes representations with coherent states possible is their well-known property of
completeness: every state can be expressed as a superposition of them. In the most general
form, for pure states this means the existence of a weight function such that

jyi ¼
Ð
C

f ða;a*Þ aj i d2a : ð1Þ

Coherent states are not linearly independent, therefore there exist a multiple of weight func-
tions for which Eq. (1) holds. Because of these properties, the set of coherent states is often
called an over- or supercomplete basis. The possibility of one-dimensional representations
originates from this overcompleteness, and is justified by the Cahill theorem [20].

A possible way of obtaining straight-line representations for a single mode field state is to
define an orthonormal basis, as done in Ref. [6]. The basis elements are expressed as super-
positions of coherent states on a straight line, thus any state can be expressed with them. For
example, if we take the real axis for representation, an orthonormal basis can be defined as

hnj ig :¼ N nðg2Þ
Ð
R

HnðmxÞ e
�x2

g2 xj i dx g 2 R ð2Þ

m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 þ g2Þ
g2ð2 þ g2Þ

s
;

where Hn stands for the n-th order Hermite polynomial, and N nðg2Þ is a normalization
factor, so kjhnigk

2 ¼ 1 holds. Once there is an orthonormal basis, every state can be un-
iquely expressed with them. In the actual example this means

yj i ¼
P
n2N

hn j yh i hnj ig

¼
P
n2N

hn j yh i N nðg2Þ
Ð
R

HnðmxÞ e
�x2

g2 xj i dx : ð3Þ
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In this formula the order of summing and integrating can be interchanged, provided that we
extend our search for weight distributions from real functions to distributions:

yj i ¼
Ð
R
FyðxÞ e�

x2

g2 xj i dx

FyðxÞ ¼
P
n2N

hn j yh i N nðg2Þ HnðmxÞ :
ð4Þ

These representations are best suitable for describing states whose Wigner function does
not extend ‘‘too far” away from the line of states used for representation. If that is the case,
the weight distributions will more likely be regular functions rather than distributions. For
instance squeezed states are best represented on a straight line perpendicular to the direc-
tion of squeezing. For the horizontally and vertically squeezed vacua it is exactly

horiz: sq: vac:j i ¼ N ðg2Þ
Ð
R

e
�y2

g2 iyj i dy ; ð5Þ

vert: sq: vac:j i ¼ N ðg2Þ
Ð
R
e
�x2

g2 xj i dx ; ð6Þ

respectively, where g2 ¼ e2r � 1, r being the squeezing parameter.

3. A Two-dimensional Coherent-state Representation

In order to describe entanglement, it is necessary to find a complete representation for the
two-mode oscillator Hilbert space. These representations exist, since the two-mode coherent
states also form an overcomplete basis for the entire Hilbert space:

1

p2
¼

ð
C2

aj i ah j � bj i bh j d2a d2b ¼ 1: ð7Þ

What we need to do is to select the appropriate one, which is the most suitable for our
purposes.

Let us follow the same steps as in constructing the straight-line coherent-state representa-
tion in the previous section. First we choose a lower dimensional subspace of the phase
space with the formula

ða;a*Þ 2 C2 : ð8Þ

Next, one has to choose a set of weight functions which are appropriate for the definition
of a basis. We show, that the Laguerre-2D functions [21] are suitable for this purpose. The
Laguerre-2D functions are defined as

lm; nðz; z*Þ ¼
1

p
e�

zz
2

1ffiffiffiffiffiffiffiffiffi
m!n!

p
Pminfm; ng

j¼0

m!n!

j!ðm� jÞ! ðn� jÞ! ð�1Þj zm�jz*
n�j

: ð9Þ
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They are complete in the senseP
m; n2N0

lm; nðz; z*Þ l*m; nðw;w*Þ ¼ dðz� w; z* � w*Þ; ð10Þ

and orthonormal:Ð
C

l*k; lðz; z*Þ lm; nðz; z*Þ d2z ¼ dk;mdl; n : ð11Þ

An orthonormal basis for the Hilbert-space of the two-mode oscillator can be defined
after introducing the appropriate normalization factor:

lm; n
�� �

g
¼ N m; nðgÞ

Ð
C

lm; nðma;ma*Þ ejaj
2 m
2 e

�jaj2

g2 aj i aj i* d2a ; ð12Þ

where

N m; nðgÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2g2

p
g2p

1 þ g2

g2

	 
mþn
2

ð13Þ

m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2g2

g2ðg2 þ 1Þ

s
:

With the above definition, the set fjlm; ni j m; n 2 N0g forms an orthonormal basis in the
two-mode Hilbert space. This can be most easily proven by constructing a unitary mapping
from some other orthonormal basis to the one under discussion. We have the two-mode
squeezing operator and the Fock-states to satisfy these requirements.

The proof can be outlined as follows: Let the squeezing operator ŜSð2Þ defined by describ-
ing its effect on the ladder operators:

âa0 :¼ uâaþ vb̂by ; u; v 2 C ð14Þ
b̂b0 :¼ ub̂bþ vâay : ð15Þ

Here juj2 � jvj2 ¼ 1 ensures the correct commutation relations of the ladder operators âa, b̂b
etc. of the first and second mode, respectively. Using these notations, we may go on calcu-
lating what states the Fock-states are mapped onto, namely:

ŜSð2Þ n;mj i ¼ ŜSð2Þ
âaynffiffiffiffi
n!

p b̂bymffiffiffiffiffi
m!

p 0; 0j i

¼ 1ffiffiffiffiffiffiffiffiffi
n!m!

p ðu*âay þ v*b̂bÞn u*b̂bþv*âa
� �m

ŜSð2Þ 0; 0j i : ð16Þ

Concerning ŜSð2Þ 0; 0j i in the last line of this expression, it can be shown after straightforward

calculation of the characteristic function cSðh; xÞ ¼ 0; 0h j ŜSð2Þy ehâayþhâa exb̂byþxb̂b ŜSð2Þ 0; 0j i, that

it leads exactly to the same result as cLðh; xÞ ¼ hl0; 0jg ehâayþhâa exb̂byþxb̂b l0; 0
�� �

g
with

g :¼
ffiffiffiffiffiffiffiffiffiffiffiffi
v

u� v

r
; ð17Þ
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leading to the identity

ŜSð2Þ n;mj i ¼ 1ffiffiffiffiffiffiffiffiffi
n!m!

p ðu*âay þ v*b̂bÞn ðu*b̂by þ v*âaÞm NðgÞ
ð
C

e
�jaj2

g2 aj i aj i* d2a : ð18Þ

The right hand side of (17) can be evaluated by replacing the annihilation operators by the
appropriate eigenvalues and vice-versa, and also by the

Ð
C

e
�jaj2

g2 âan aj i a*
�� �

d2a ¼
Ð
C

e
�jaj2

g2
u

v
a*

� �n
aj i aj i* d2a

Ð
C

e
�jaj2

g2 b̂bn aj i a*
�� �

d2a ¼
Ð
C

e
�jaj2

g2
u

v
a

� �n
aj i aj i* d2a ð19Þ

relations for the creation operators. These relations can be verified for example, by expand-
ing both sides of the equations using the Fock-state basis. By repeated application of the
eigenvalue equations, the (19) identities and the commutation relations, one can see that

ŜSð2Þ n;mj i ¼ lm; n
�� �

g
: ð20Þ

Thus we have found a one-complex-plane representation for the basis states by applying the
two-mode squeezing operator on Fock-states. We can also conclude, that these states form
an orthonormal basis on the Hilbert space of the two modes. This basis is built up by
entangled states.

4. Reformulation of Continuous Variable Teleportation

In this section we describe quantum teleportation of continuous variables, partly as an
application of results in the previous section, and also as a slightly different application of
one-dimensional representations in this field.

In the teleportation scheme of Kimble et al., Alice, the sender, and Bob, the receiver
share an entangled (EPR) state jYg

EPRi23 in modes 2 and 3, which is a two-mode squeezed
vacuum with squeezing parameter g. Alice has mode 1 in the unknown state jY ini, and
carries out a joint measurement on modes 1 and 2. The states this measurement projects
onto are maximally entangled states of modes 1 and 2, namely the so called quadrature
Bell-states. The measurement result is sent to Bob through a classical channel, who carries
out a unitary transformation on the output state to recover the teleported state in mode 3.

According to the scheme outlined above, our task is now to describe the EPR state and
the projective measurement in our formulation. As regards of the EPR pair, according to
Eqs. (23) and (14) we may simply write

jYg
EPRi23 ¼ l0; 0

�� �
¼ N 0; 0

Ð
C

e
�2jaj2

g2 aj i aj i* d2a ; ð21Þ

where we have substituted parameter g with g=
ffiffiffi
2

p
for convenience. An ideal entangled

state is obtained in the infinite squeezing limit g ! 1, with e
�2jaj2

g2 ! 1 in that case.
Now let us describe the projective measurement at Alice’s side. Alice combines modes 1

and 2 on a 50-50% beam-splitter, and then measures quadrature x̂x of mode 1, and quadra-
ture p̂p of mode 2. The detectors are supposed to be ideal, that is, they project onto eigen-
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states of the quadrature operators. Thus we have to describe these eigenstates first. A quad-
rature eigenstate with eigenvalue 0 is an infinitely squeezed one-mode vacuum: it can be
obtained from Eqs. (5) and (6) in the infinite squeezing limit (We denote quadrature-eigen-
states by jj . . .i):

jjP ¼ 0i ¼ lim
g!1

Ð
R

dx e
�x2

g2 jxi ¼
Ð
R
dx jxi

jjX ¼ 0i ¼ lim
g!1

Ð
R

dy e
�y2

g2 jiyi ¼
Ð
R

dy jiyi :
ð22Þ

As a matter of fact, these are superpositions of all coherent states along one of the axes of
the phase space with equal weight, therefore they are not normalizable. This is a usual
property of ‘‘position” and ‘‘momentum” eigenstates. We have therefore omitted unneces-
sary normalization factors. Quadrature eigenstates for arbitrary value of quadrature are then
obtained by shifting states in Eq. (22) applying the Glauber displacement operator
D̂DðaÞ ¼ eaâay�aâa:

jjPi ¼ D̂DðiPÞ jjP ¼ 0i ¼
Ð
R

dx eixP jx þ iPi

jjXi ¼ D̂DðXÞ jjX ¼ 0i ¼
Ð
R
dy e�iXyjX þ iyi :

ð23Þ

The projective measurement by the quadrature detectors projects onto the state jjXi1 jjPi2.
As a result of the beam-splitter transformation, it is converted to a quadrature Bell-state,
which is an eigenstate of the joint observable of Alice’s measurement. This can be simply
calculated from Eq. (23). Coherent states interfere on beam-splitters as classical amplitudes.
We choose the beam-splitter parameters so that the inverse transform of arbitrary superposi-
tion

Ð
C d2a

Ð
C d2b Fða;bÞ jai1 jbi2 of coherent states can be written as:

ð
C

d2a

ð
C

d2b Fða;bÞ
����a þ bffiffiffi

2
p

�
1

����b � affiffiffi
2

p
�

2

: ð24Þ

Applying this to jjXi1 jjPi2 in the form of Eq. (26), we can write

jY ðAÞ
Belli ¼

Ð
C

d2a eAa�Aa ja þ Ai1 ja* � A*i2 ; ð25Þ

where we have introduced the new variables

a :¼ x þ iyffiffiffi
2

p ; A :¼ X þ iPffiffiffi
2

p : ð26Þ

Here A is the result of the measurement, which is communicated to Bob in the scheme.
Note, that we have obtained a one-complex-plane representation described in Section 2 of
quadrature Bell-states relevant in the description of teleportation with a different, but analog
method: instead of squeezing Fock-states, we have applied a beam-splitter transformation to
the orthogonal basis jjXi jjPi, thereby obtaining a maximally entangled basis with elements
fjY ðAÞ

Bellij A 2 Cg on the product Hilbert space describing the two-mode field. For A ¼ 0 we
have the infinitely squeezed vacuum state.
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Now we are ready to evaluate the result of the projective measurement. We write the
state to be teleported in the Glauber analytic representation:

jY ini1 ¼
Ð
C
d2a e�

jaj2
2 f ða*Þ jai1 ; ð27Þ

the state is described by the function f . The joint state of the three modes is

jY jointi123 ¼ jY ini1 jY
g
EPRi23 : ð28Þ

The state of the system after the measurement resulting the eigenvalue A is expressed by
the partial inner product

jY f i3 ¼12 hY ðAÞ
Bell j Y jointi123: ð29Þ

Substituting Eqs. (25) and (27) into (29), we obtain an expression containing two com-
plex integrals. It is shown in detail in Ref. [22] that this can be evaluated and yields

jY f i3 ¼
Ð
C

d2a e
�2jaj2

g2 D̂Dð�2AÞ e�jaj2
2 f ða*Þ jai3 : ð30Þ

In the infinite squeezing limit g ! 1, the Gaussian factor e
�2jaj2

g2 tends towards 1, thus it
can be seen, that Bob has to apply the unitary transformation D̂Dð2AÞ in mode 3 to obtain
the teleported state. This is the result expected. In the physically realistic case of finite
squeezing, Bob may also apply the appropriate shift, which yields

jY teleportedi ¼
Ð
C

d2a e
�2ja�2Aj2

g2 e�
jaj2

2 f ða*Þ jai3 : ð31Þ

The teleportation is imperfect in this case: a Gaussian smoothing factor appears, which is
approximately unity for large squeezing parameter, and for a values close to A. This is a
consequence of finite number of photons involved in the entangled state. Continuous vari-
able quantum teleportation cannot be perfect in reality.

5. Conclusion

We have adopted a coherent-state approach to the theory of two-mode fields, with special
emphasis on the description of entanglement and teleportation. We have shown how an ortho-
normal basis can be constructed as a superposition of two-mode coherent states by integrating
on one single complex plane instead of two of them. This basis is obtained by applying the
two-mode squeezing operator to Fock states. Another basis was constructed by applying a
beam-splitter transformation onto product quadrature states, namely the quadrature Bell-basis.
The process of continuous variable quantum teleportation was constructed in this formulation.

The formalism developed here is applicable for analysis of optical schemes involving
continuous variable entanglement, because of the known advantageous properties of coher-
ent states. Teleportation with losses for instance can be treated by introducing additional
beam-splitters to the scheme, and density matrices can be treated in the R-representation in
that case. The formulation is particularly useful for analysis of states which can be easily
constructed as superposition of multimode coherent states. Regarding the growing interest
in entangled states and their applications, these are possibilities for further research.
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