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Abstract. We present a construction of the full set of controlled-not gates
for four-level atoms trapped in a bimodal cavity. The qubits are defined as the
two ground states of every atom and the single photon subspace of the cavity
Hilbert space. For the construction we employ the dispersive interaction of the
ground states and the cavity, and also single-qubit operations. The possibility
to implement the full set of controlled-not gates indicates that the system is
suitable for universal Quantum Computation.
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1. Introduction
Interaction of trapped atoms or ions with a cavity is becoming subject of increasing
interest in connection with quantum computing. Due to recent advances in experimental techniques of trapping and cavity fabrication [1–5] trapping of atoms inside
cavities might soon become a reality. More-or-less common of quantum computing
proposals regarding such systems is that the operation of multi-qubit gates rely on
light-matter interaction rather than the interaction between the trapped particles
[6–12]. The use of interaction between charged ions for quantum computation is
well established, however, scalability appears to require significant modification of
the original trapping apparatus [4]. Interactions between neutral atoms, on the
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other hand, are very weak and therefore require much more time for the complete
operation than we can hope to preserve quantum coherence for.
In this paper we employ the dispersive interaction between four-level atoms and
a bimodal cavity field, using the results of [13] to give a mathematical description
of the complete system. To define the qubits, we use an invariant subspace of the
effective Hamiltonian that consists of the ground states of the atoms and the single
photon excitation states of the cavity. The structure of the resulting Hamiltonian is
similar to that of describing the interaction of nuclear spins in a molecule which is
employed in NMR quantum computing [14–16]. We develop quantum gates along
the same lines as it is generally followed in NMR, and show the universality of the
system by constructing controlled-not gates between every pairs of qubits.

2. Theoretical Model
We consider a system of N identical four-level atoms localized inside a bimodal
cavity. The level scheme of the jth atom and its relation to the cavity excitations
is depicted on Fig. 1. The cavity modes are characterized by their polarization and
frequency. The frequencies of the σ ± circular polarization is denoted by ω. The
detunings of the cavity modes from the atomic transitions is ∆ = ω0 − ω. The
complete atoms–cavity Hamiltonian in the rotating wave approximation reads:
N
N
ω0 X
ω0 X
(|e− ihe− |j − |g+ ihg+ |j ) + ~
(|e+ ihe+ |j − |g− ihg− |j )
2 j=1
2 j=1


+ ~ ω + a†+ a+ + ω − a†− a−




N
N
X
X
+ ~  a−
g− |e− ihg+ |j + h.c. + ~ a+
g+ |e+ ihg− |j + h.c.

H=~

j=1

(1)

j=1

In the dispersive limit (∆ ≫ |g± |) an effective Hamiltonian can be derived using
the fact that (1) can be regarded as a sum of two Hamiltonians each describing the
interaction of a two level system with a single cavity mode. In the interaction picture
this Hamiltonian depends only on the detuning (∆), and possesses two invariant
subspaces in the atomic part of the Hilbert space, one containing only excited and
(j)

ω−
(j)

|g− i

(j)

∆

|e− i

|e+ i
ω+
(j)

|g+ i

Fig. 1. Energy levels and cavity excitations
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the other only ground states [13]. Therefore if the initial states are superpositions
(j)
of |g± i ground states, the final state must be a similar superposition. If we denote
the dipole coupling constants g± = g (g real), in the interaction picture the effective
Hamiltonian acting on the ground states can be written:
Heff =
with
Sz =

~
N z Sz ,
2∆

N
X

g 2 Sz(j) ,

(2)

(3)

j=1

(j)

(j)

(j)

(j)

(j)

= |g+ ihg+ | − |g− ihg− | and Nz = a†+ a+ − a†− a− .
Further, we may restrict ourselves to the case when the cavity contains exactly
one photon, i.e. the cavity state can be written as a superposition of |10i and |01i,
where the first number corresponds to a Fock state of the σ + and the second to the
σ − polarization mode. In other words, we use the polarization states of a photon
to represent a quantum bit, a concept that has been used widely in the field, most
remarkably for the experimental realization of quantum teleportation [17].
We now introduce new notations for the states of the system, namely
Sz

|0i0 := |10i ,
|1i0 := |01i

(4)

for the cavity, what is known as dual-rail representation, and
(j)

|0ij := |g+ i ,
(j)

(5)

|1ij := |g− i
for the atomic states (j = 1, . . . , N ). Using these notations the effective Hamiltonian
can be written as
N
~ X 2 (0) (j)
Heff =
g σ σ ,
(6)
2∆ j=1 j z z
(α)

where σz = |0ih0|α − |1ih1|α is a Pauli-z matrix for every α = 0, . . . , N .
In the remaining, Latin indices (e.g. i, j) shall always run from 1 to N , and
Greek indices (e.g. α, β) from 0 to N , unless otherwise indicated.

3. Implementing Controlled-not Gates
In this section we shall show that the interaction described by (6) may be used
to generate the universal cnot gate. The required single-qubit operations could
be implemented using external controls. For example, on the atoms by resonant
Raman transitions, and on the cavity state by a technique similar to Refs. [18, 19].

22
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Fig. 2. Construction of cnot gate using a J-coupling interaction

First, we recall that (6) is a special case of the NMR Hamiltonian [14–16] with
(α)
(β)
Jij = J if i = 0 and j > 0, otherwise Jij = 0. Since [σz , σz ] = 0 all terms in
(6) commute, therefore the time evolution operator U (t) = exp [−(i/~)Heff t] may
be written as a product of
J
U0k
(t) = exp (−iJσz(0) σz(k) t/2)

(7)

operators (J = g 2 /∆). We shall refer to this operator as J-coupling term, borrowed
from the NMR terminology. We write the time evolution prescribed by the total
Hamiltonian as
N
Y
J
U0k
.
(8)
U (t) = exp [−(i/~)Heff t] =
j=0

Based on a technique used in NMR, we can cancel any of the J-coupling terms
in the time evolution operator (8). This involves casting single-qubit rotations on
some qubits in between time evolution governed by Heff . The following identity lies
in the heart of the technique:
J
J
Uβx (π)Uαβ
(t)Uβx (π)Uαβ
(t) = 1,

(9)

where Uαx (ϕ) denotes the required rotation. We take this this rotation to be about
(α)
(α)
the x axis: Uαx (ϕ) = exp (−iσx ϕ/2), where σx = |0ih1|α + |1ih0|α , the Pauli-x
operator.
Application of similar sequence of π rotations to the kth qubit will cancel the
J-coupling term connecting the cavity and the kth atomic qubit:
J
J
Ukx (π/2)U (t/2)Ukx(π/2)U (t/2) = Ukx (π/2)U0k
(t)Ukx (π/2)U0k
(t)

Y

J
U0j
(t)

j6=k

=

Y

J
U0j
(t), (10)

j6=k



J
= 0 for each j 6= k. It is straight-forward to show that successive or
since Ukx , U0,j
simultaneous applications of similar sequence of π rotations on other atomic qubits
can be used to cancel any number of terms in (6). In particular, N −1 terms may be
cancelled leaving only one term, therefore Heff can be used to realize time evolution
J
described by a single U0k
. This operator is equivalent [20] to the controlled-not
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gate when Jk t = π/2, and can be used directly to generate it as it is depicted on
Fig. 2.
The technique depicted on Fig. 2 utilizes two classes of single-qubit operators:
rotations about the x and the z axes. Since the J-coupling interaction is symmetric
with respect to the two qubits, the role of qubits in the resulting cnot gate is
J
determined by the single-qubit gates which precede and follow U0k
(Jk−1 π/2). In
−1
J
particular, preceding the U0k
(Jk π/2) time evolution an Rz (π/2) rotation has to
be applied to the control qubit, and the sequence of Hp , and Rz (π/2) to the target
qubit, where Hp is a pseudo-Hadamard transformation given by
Hp = Rz (−π)Rx (π/2)Rz (π) = Ry (π/2).

(11)

After the J-coupling we apply the inverse of the Hp operation to the target qubit
J
only. Note, however, that the Rz operations commute with U0k
.
We can use this technique to implement cnot gates directly between the cavity
qubit and any atomic qubit. In two steps, however, they can be used to effect cnot
gates between any atomic qubits also. One first constructs a swap gate from three
cnot gates using the well-known identity, then uses the swap gates to switch an
atomic qubit onto the cavity and back, as depicted on Fig. 3 using the standard
quantum circuit notations.

=

Fig. 3. Construction of a cnot gate between two atomic qubits, using two swap
gates

By noting that Rx (−π/2) = Rx (π/2)3 , we conclude that it is possible to exactly
implement all cnot gates in this system provided that we can perform on every
qubit at least two single-qubit operations, Rx (π/2) and Rz (π/2).

4. Conclusions
In this paper we have demonstrated the possibility of generating the complete set of
cnot gates in an N qubit system, using a dispersive atom–cavity interaction. We
encode our qubit in the ground state of four-level atoms, and into a single-photon
excitation subspace of a bimodal cavity. The resulting interaction Hamiltonian
is similar to the one valid for NMR systems, however, considerably simpler even
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for large number of atoms. Due to this simple scaling property of the interaction
Hamiltonian, given that the requirements on trapping and individual addressing are
met, the system could be scaled up to large qubit numbers.
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