
Exercise Problems
in Quantum Mechanics

Exercise 1)
Write down the probability density function for the Gaussian distribution. Interpret
the meaning of its parameters. Calculate its moments. Write the formula for

I(n, a, b) :=
∫ +∞

−∞
xne−ax

2+bxdx, n ∈ Z; a, b ∈ C,Re(a) > 0. (1)

Memorize the formula for n = 0, 1, 2!

Exercise 2)
Calculate the probability density of finding a classical one-dimensional oscillator with
the energy E in the interval (x, x + dx)? What do we need to know, if we wish to
change this statement to a deterministic prediction?

Exercise 3)
Describe a one-dimensional harmonic oscillator by its Hamiltonian function (use the
formulas of the classical mechanics). Write and solve its equations of motion. Write
an equation for a trajectory in the phase space. By which physical quantity can you
determine the phase space trajectory?

Exercise 4)
Calculate the characteristic life-time of an electron particle in the hydrogen atom
from the classical point of view. Consider that the particle is moving on a circle
trajectory of the radius a ≈ 10−10m (Bohr’s radius).(see: Štoll, Tolař -Theoretical
physics, example no. 9.52)

Exercise 5)
Consider the statistical distribution function of a classical mechanical oscillator is
given by the formula

P = a exp
(
− E

kT

)
. (2)

Calculate its average value of energy.

Exercise 6)
Calculate the wave length of the electromagnetic field, which was produced by an
electron-positron annihilation

e+ + e− → γ + γ (3)

in a resting state?
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Exercise 7)
Calculate the wavelength and the frequency of de Broglie’s wave for the oxygen
molecule in your room, and for the particle of 10µg which is moving by the velocity
of sound.

Exercise 8)
Calculate the diffraction (by means of de Broglie’s hypothesis) which was caused by
the transition of a tennis-ball mass: m = 0.1kg, speed: v = 0.5ms−1 through the
window of the size of 1× 1.5m.

Exercise 9)
To which velocity do you need to accelerate an electron in order to observe its diffrac-
tion on the crystal grid with a characteristic length between two atom of 0.1nm?

Exercise 10)
Consider the potential V (~x) = 0 (free particle). Use Fourier transformation to solve
the Schrödinger equation. The initial condition is given by the formula

ψ(~x, t0) = g(~x) = C exp
(
−Ax2 + ~B~x

)
, (4)

where Re(A) > 0, ~B ∈ C3, C ∈ C.

Exercise 11)
Assume that ψ(x, y, z, t) is a solution of the Schrödinger equation for a free particle.
Show that

ψ̃(x, y, z, t) := exp
[
−iMg

h̄
(zt+ gt3/6)

]
ψ(x, y, z + gt2/2, t), (5)

is the solution of the Schrödinger equation for the particle in the homogenous field
with acceleration g.

Exercise 12)
What quantity is related to probability of finding a particle described by de Broglie’s
wave

ψ~p,E(~x, t) = Ae
i
h̄

(~p~x−Et), (6)

in the volume of (x1, x2)× (y1, y2)× (z1, z2)?

Exercise 13)
What quantity is related to the probability density for the solution

ψ(~x, t) = Cχ(t)−3/2 exp

 ~B2

4A

 exp

−A
~x− ~B/(2A)

χ(t)

2
 (7)

χ(t) = 1 +
2iAh̄

m
(t− t0) (8)

for A > 0? (ψ is the solution of Ex. 10) How does its maximum change in time?
What is its mean square variation equal to? What is its relation to time? How long
will it take for the spread of the wave packet to double its size for an electron which is
localized with the accuracy of 1cm and for a mass point of mass 1g, which is localized
with the accuracy of 10−6m?
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Exercise 14)
What is the probability of finding an electron in a hydrogen atom in the distance
(r, r + dr) from the atom core? The wave function of the electron is given by

g(x, y, z) = Ae−
√
x2+y2+z2/a0 , (9)

where a0 = 0.53× 10−8cm (a0 - Bohr’s radius)?

Exercise 15)
Find the energy eigenvalues of quantum-particle which is moving in one-dimensional
constant potential V (x) of the form V (x) = 0 for |x| < a and V (x) =∞ for |x| > a.
Hint: Suppose that the wave functions are continuous everywhere and equal to zero
for |x| ≥ a.

Exercise 16)
Calculate the energy eigenvalues of quantum-particle, which is moving in one-dimensional
constant potential V (x), that is V (x) = −V0 < 0 for |x| < a and V (x) = 0 for |x| > a.
Hint: Suppose that the wave functions and their first order derivatives are continuous
everywhere for x ∈ R.

Exercise 17)
Calculate the orthonormal basis in C2, where the elements of this basis are the eigen-
vectors of the matrix

σ1 :=

(
0 1
1 0

)
. (10)

Exercise 18)
Show that the Hermite polynomials can also be defined by

Hn(z) := (−1)nez
2

(
d

dz

)n
e−z

2

(11)

Hint: Show that right hand side of (11) satisfies

u′′ = 2zu′ − 2nu (12)

Exercise 19)
Prove that ∞∑

n=0

Hn(x)

n!
ξn = exp [x2 − (x− ξ)2]. (13)

Exercise 20)
Use the generator function from Ex. 19) to show that∫ ∞

−∞
Hn(x)Hm(x)e−x

2

dx = 2nn!π1/2δnm. (14)

Show also that the formula (14) implicates the orthonormality of the eigenfunctions
of a harmonic oscillator.
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Exercise 21)
What is the probability density of finding a one-dimensional quantum oscillator with
the energy of h̄ω(n+ 1

2
) in the point x? Calculate and draw the graph of this density

for n = 0, 1, 2, . . . and compare it with the probability density of finding a classical
oscillator at a given place.

Exercise 22)
Calculate the commutators

[Lj, Xk], [Lj, Pk], [Lj, Lk], (15)

where
L̂j := εjklX̂kP̂l. (16)

Exercise 23)
Show that the following operators commute with each other

1

2m
P̂ 2 + V (|~x|), L̂3 ≡ L̂z, L̂2 := L̂2

x + L̂2
y + L̂2

z. (17)

Exercise 24)
Write down X̂j, P̂j, L̂j, (j = 1, 2, 3 ≡ x, y, z) operators in the spherical coordinates.

Exercise 25)
“A quantum solid body” (e.g. a two-atom molecule) with the momentum of inertia
Iz is freely rotating in the plane. Find its available values of the energy.

Exercise 26)
Show that the angular momentum operator L̂2 has the following form in spherical
coordinates

L̂2 = −h̄2

[(
1

sin2 θ

)
∂2

∂φ2
+
(

1

sin θ

)
∂

∂θ

(
sin θ

∂

∂θ

)]
. (18)

Hint: Use the formulas for the components of the angular momentum.

Exercise 27)
Calculate the probabilities of finding a particle in a given space angle for the states
s, p, d.

Exercise 28)
Write down all the wave-functions of a harmonic oscillator for the states with the
energy 3

2
h̄ω, 5

2
h̄ω a 7

2
h̄ω.

Exercise 29)
Write the operator L̂2 using the shift operators L̂± and the operator L̂3.

Exercise 30)
The shift operators of the angular momentum operator act on spherical functions as

L̂±Ylm = α±lmYl,m±1. (19)

Find coefficients α±lm.
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Exercise 31)
The action of creation and annihilation operators on the eigenfunctions of the energy
operator of a harmonic oscillator is according to the equation

â±ψn = α±nψn±1. (20)

Calculate the coefficients α±n .

Exercise 32)
Show that the creation and annihilation operators of the energy operator of a har-
monic oscillator fulfill the relation

â+â−ψn = nψn. (21)

Exercise 33)
Calculate the average of all components of the momentum of a quantum particle in
the Coulomb potential when its energy is equal to −MQ2

2h̄2 and its angular momentum
is equal to zero. (These energy and angular momentum values correspond to the 1s
state of an electron in the Hydrogen atom)

Exercise 34)
Calculate the average of the components of the position of a quantum particle de-
scribed by the wave function in Eq. (4).

Exercise 35)
Calculate the mean values of the components of the momentum of a quantum particle
described by the wave function in Eq. (4). Write down the form of a wave function
in Eq. (4) that describes a wave packet with average value of momentum being ~p0,
and the average value of position being ~x0 at time t0.

Exercise 36)
Calculate the probability that the momentum of a particle described by the wave
function

ψ(x) = Ce−~x
2+ix1 (22)

is in the interval (a1, b1) × (a2, b2) × (a3, b3). Write down the probability of finding
the momentum of the same particle in the neighborhood of the value ~p0.

Exercise 37)
Let the state of a “one-dimensional” particle of mass M in a harmonic potential with
eigen frequency ω = h̄/M be described by the wave function

ψ(x) = Ce−x
2+ix1 . (23)

What is the probability to measure the values of the energy 1
2
h̄ω, h̄ω, and 3

2
h̄ω,

repectively?

Exercise 38)
A particle with mass M in a three-dimensional harmonic potential with eigen fre-
quency ω = h̄/M is in the state described by the wave function

ψ(x) = Ce−~x
2+ix1 . (24)

What is the probability to measure the energy values equal to 5
2
h̄ω?
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Exercise 39)
The state of a particle is described by the wave function

ψ = (4π)−1/2(eiφ sin θ + cos θ)g(r). (25)

What values of Lz can be measured and what are the respective probabilities? What
is the average value of Lz in this state?

Exercise 40)
Consider a particle described by a wave-function

ψ(x, y, z) = (x+ y + 2z) exp
(
−α

√
x2 + y2 + z2

)
. (26)

What is the probability to find the particle in the solid angle (θ, θ+dθ)×(ϕ, ϕ+dϕ)?
Which values of the angular momentum squared can be measured? What is the
mean value of the z-component of the angular momentum? What is the probability
of finding the z-component of the angular momentum equal +h̄?

Exercise 41)
Calculate the variance of the components of position and momentum in the state
described by the wave-function

ψ(x) = C exp
(
−Ax2 + ~B · ~x

)
, A > 0. (27)

Show that this state saturates the Heisenberg uncertainty relation

∆ψ(X̂j)∆ψ(P̂j) =
h̄

2
.

Exercise 42)
Show that in the one-dimensional case the condition on the states ψ saturating the
Heisenberg uncertainty relation[

X̂ − 〈X̂〉ψ − iα
(
P̂ − 〈P̂ 〉ψ

)]
ψ = 0 (28)

is an integro-differential equation which only solutions are gaussians

ψ(x) = C exp
(
−Ax2 +Bx

)
. (29)

Exercise 43)
Consider a quantum system with a Hamiltonian with purely discrete spectrum (the
eigenvectors of Ĥ form a complete set). At time t = 0 we have measured observable
Â which also has purely discrete spectrum. The outcome of the measurement was
non-degenerate eigenvalue a. What is the probability to measure the same value a if
we repeat the measurement after time t?

Exercise 44)
Consider a particle of mass M in an infinite square well of the width 2a. At time
t = 0 the state of the particle is described by the wave-function

ψ(x, 0) = sin
(
π

2a
(x− a)

)
+ sin

(
π

a
(x− a)

)
, |x| < a, ψ(x, 0) = 0, |x| > a, (30)
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which is a superposition of two stationary states. What is the probability to find the
particle in the left half of the well ( i.e. in the interval (−a, 0)) at time t = 0 and
t = 8Ma2

πh̄
?

Hint: The normalized eigenvectors of the Hamiltonian and the corresponding eigen-
values are

ψn(x) =
1√
a

sin
(
nπ

2a
(x− a)

)
, En =

1

2M

(
nπh̄

2a

)2

. (31)

It is instructive to calculate the probability for arbitrary time t to see the interference
between the two stationary states.

Exercise 45)
One-dimensional harmonic oscillator is at time t = 0 in the state

ψ(x, 0) = Aψ0(x) +Bψ1(x), (32)

where ψn are the stationary states. What is the state of the harmonic oscillator at
time t > 0?

Exercise 46)
Calculate the time dependence of the avegage squared deviation of position of a
quantum harmonic oscillator.

Exercise 47)
Find the operator of velocity for a charged particle in an electromagnetic field.

Exercise 48)

Show that the eigen values of the operator ~̂µ · ~B are ±µ0

∣∣∣ ~B∣∣∣. Calculate the repective
eigen vectors.

Exercise 49)

Show that ~̂S
2

= 3
4
h̄2
1 holds. Compare this property to ~̂L

2

.

Exercise 50)
Let the spin quantum state of a spin-1/2 particle be an eigen state of the Sz operator
with eigen value +h̄/2. Consider the spin operator S~n along a vector ~n which encloses
an angle θ with the z-axis. What values of S~n can be measured, and what are the
respective probabilities?

Exercise 51)
Consider the system (super symmetric harmonic oscillator) described by the Hamil-
tonian

Ĥ = − h̄2

2m
∆⊗ 1+

mω2

2
x2 ⊗ 1+

h̄ω

2
1⊗ σ3. (33)

over the Hilbert space L2(R, dx)⊗C2. Let us define the following operator

Q̂ =
1

2
√
m
σ1(P̂ + iωmσ3X̂). (34)

Express Q̂†, Q̂2 and [Ĥ, Q̂] using only the operators Ĥ and Q̂. What implications can
be drawn from these results on the spectrum of Ĥ (i.e. if there is a lower or upper
bound on its eigen values)?
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Exercise 52)
A spin-1/2 particle is placed in a constant magnetic field, with the direction of the
magnetic field pointing along the x axis. At time t = 0 a measurement of spin along
the z axis gave the value h̄/2. At a later time, what is the probability that measuring
the spin in the y direction yields h̄/2?

Exercise 53)
The exponent exp[i~a · ~σ] is defined through the power series

exp[i~a · ~σ] =
∞∑
n=0

1

n!
(i~a · ~σ)n. (35)

Show that the identity

exp[i~a · ~σ] = cos(|~a|) + i
~a · ~σ
|~a|

sin(|~a|), (36)

holds.

Exercise 54)
Write down the wave functions of the ground state of a spin-1/2 particle in the
Coulomb potential, when the spin states are the respective eigen states of the spin
operator along the x, y, and z directions, with eigen values h̄/2.

Exercise 55)
Find the energy eigenvalues, the ground state, and the first excited state of two
indistinguishable particles in a harmonic potential, when their spins are both 0, or
1/2.

Exercise 56)
The carbon atom has four valence electrons (verify this). It can therefore be seen
as a system of four electrons in a spherically symmetric potential. What is the
degeneration of the ground state of the electrons?

Exercise 57)
Calculate the energy of the ground state of electrons of the Helium atom up to first
order, using perturbation theory.

Contact: Aurél Gábris, gabris.aurel@fjfi.cvut.cz
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